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ABSTRACT 

The purpose of this study was to test the effect of several 
cognitive developmental capacities on first-grade children's 
ability to learn basic concepts and skills of linear measurement. 
The cognitive capacities of interest were logical reasoning ^bilt^ 
and information processing capacity. The hypotheses predicted that 
children who had not yet developed these capacities would experiende 
difficulty learning certain measurement concepts or skills. 

Potential subjects were pretested to measure thei- level 
of cognitive development and to assess their understanding of the 
measurement concepts on which they would receive Instruction. 

Logical r^oning ability was measured using Piagetian tasks of 

} 

length conservation and length transitivity, and information prq- 
ccsslng ccpaclty was assessed with a backward digit span task. 
The final sample consisted of 32 children who e^^«i«^ed no under- 
standing of the measurement concepts, with eight children in each 
cell of a 2 X 2 matrix of high/low logical reasoning ability by 
high/low information processing capacity. 

Similar instruction was provided for all subjects on four 
baslt concepts of linear measurements 1) using a continuous 
representation to compare and order two lengths; 2) coftstructin 
a discrete representation of a given lengthi 3) iterating units 
and representing length numerically; and. A) accounting for the 
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inverse relationship betweeniunit size ax^d unit nxusber. Four 
ia-15^nute lessons, d&signed to teach the £our eonee^s, vera 
presented to each subject in a one-one interview setting* A 
unique characteristic of insttuction was the introduction of 
cognitive conflict into the learning situation.- After the si^ject 
completed a s^asurement task, the investigator measured in a dif- 
ferent way; and the .subject was asked -to resolve the conflict 

' h 

between the different results. 

Several assessment taska were Included as ^part of each 
inStructioa lessost. These were logically analyzed prior to 
instruction to determine the demands they placed on the logical 
reasoning abilities and on information processing capacity! 
This analysis generated predictions about the tasks on which 
differences between the developmental groups would occur. 

Two-way analy'Ses of variance, were run on the sets of tasks 

I 

which presumably made similar demands on logical reasoning ability ^ 
and those which made similar demands on information processing 
capacity. 

The results confirmed th^ predictions with respect to logical 
reasoning ability. Subjects who conserved length and reasoned 
transitively performed significantly better than those whd did 
not on the set of assessment tasks which made direct demands on 
these logical reasoning abilities* However» at least some of the 
subjects who did not possess these abilities performed successfully 

i J 
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on these ta^. Only the final asses^pent. taak Involvlne the 

inverse relationship between unit nv^aber and unit size seeqied 

to require conservation and transitive reasoning. No significant 

between-sroup differences we're found on the coaplementary set of 

taekp which only required learning- a new measuring skill or techniqu 

^ significant differences were found between the high and 

low information processing capacity groups. It appears that before 

I 

significant relationships between processitig capacity and mathe- 
matics learning can be uncovered, advances must be made in develop- 
ing analysis procedures which reliably specify the information pro- 
cessing demands of a given task, and devising context-specific 
measures of processing capacity. 

The developmental groups did not differ significantly in 
their ability to recognize and resolve conflict, but performtoce 
in the conflict situations did correlate significantly with per- 
formance on the final measurement tas^. No interaction effects 
between the two developmental factors were found on the measure- 
Ajent task scores or the conflict scores. ^ 

The results of this study indicate that some cognitive 
developmental abilities do affect children's mathematics ream- 
ing, but only on specific concepts. Future research should 
systematically document specific relationships between par^cular 
developmental abilities and logically related mathematical tasks. 
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Chapter I 

^ STAT1MEHT"0F THE PROBLEM 

Purpose of the Stxxdv 

k key ingredient in the design of oatheaatics instruction is 
the selection of appropriate mathematica content. The learning 
difficulties easperienced by oany students studying mathematics 
dejnonstrate the importance of prescribing ^mathosaticsl tasks 
which are within the learning capabilities of the student. Tradi- 
tionally, the prescription of content has been baged^h consider- 
ations of jnath^tical structure, or on general pupil character is- 
"tics such as age or grade level. However there is a growing body of 
research (see Carpenter, in press-a; Case, 1975, 1978a) vhich 
suggests that careful attention must be given to specific pupil 
characteristics if content is to be selected which is appropriate 
for individual students. These pupil characteristics include 
certain cognitive developmental capacities which may have a signif- 
^ icant effect on children's ability to learn mathematical concepts. 

The purpose of this 8ti?dy was to examine the effect of several 
of these critical mental capacities on first-grade children s 
J ability to learn about linear measurement. The intent of the study 

was to test directly the hypothesis that cognitive developmeiftal 
abilities affect children's mathematics learning. Although this 
' hypothesis represents one of the most powerful and fundamental 
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implications of cognitive develop-ertf^r nathe^tlcs Instruction. 

It has rateXy been tested empiricail/. Positive correlations 
between developmental level and mathematics learning have con- 
sistently been reported (Carpenter, in press-a>, but correlations 
between two sets of scores provide little insight into the role 
played by specific*^ developmental abilities in learning particujar 
mathematical- concepts or skills. Previous studies have not shown 
whether specific developmental abilities are necessary to learn 
certain concepts or skills. Jt is this kind of information which 

m 

is needed in order to prescij|be mathematical content which is 
appropriate "Vor individual ch/idten. The present study was designed 
to investigate the effect of two kinds of cognitive developmental 
capacities on childrer/s ability to learn certain basic concepts 
and skills of linear medsur^rafeat . ^ 

The purpose of the following discussion is to: 1) describe 
the nature of the developmental abilities which were investigated 
and provide a rationale for their inclusion in the study; 2) present 
a brief overview oC the procedures used to test the effect of these 

abilities on children's mathematics learning; and, 3) create an 

I* 

appropriate context within which to view the contributions and 
limitations of the study. 
Cognitive Developmental Variables 

Two basic types of developmental variables were employed in 




this study. The first deals with children's logical reasoning 
and Is best operatlonallzed within Piaget's theory of cogoitive 
developioent (Flavell, 1963), The secotid concerns children's 
lioit^S caimcity to process and integrate information. A rel- 
atively novel hut po'tentially useful developmental approach to 
this problem is described by Pascual-Leone (1970). The following 
discussion will identify measures of logical reasoning and infor- 
mation processing capacity which are suggested by these theories, 
and indi|:ate why the measures were used in this study. 

Logical reasoning abilities . One of the major contributions 
• of Piaget'« work has been the clear demonstration thp£ children's 
logic is different from that of adults'. Children use qualitatively 
different reasoning processes than adults to solve certain types 
of logical problems. The distinction between the logical abilities 
possessed by children at different stages of development has impor- 
tant ramifications for education. In fact, it is these distinctions 
which lie at the ho&rt of the potential contributions of Piaget's 
theory for education in general (e.g., Ault, 1977; Elkind, 197*; 
Furth, X970; Hooper, 1968; Schwebel & Raph, 1973; Sigel, 1969; 
Wadsworfch, 1978; and Hooper & DeFrain, Note 1) and for mathematics 
inatruction in particular (e.g., Biilin,^3, 1976; Copeland. 1974; 
Lovell, 1*966. 1972; Smock, 1973, 1976; Stefle, 1976; and Steffe & 

/ I ' 

Smock, 1975). Most of these at^pts to dtaw implications from 



Piagetian theory for educatloxial practice rest on the assumption 
under investigation here: that children V ability to learn oath* 
esnatieal concepts is inf luenci^ by their logical reasoniiig abilities 
Fiaget's theory focuses on the logical tluiught abilities which 
are required to solve a variety of tasks* 0espite the fact that 
many Piagetian tasks are mathexaatically related « it is not clear 
in what way the mental abilities he identified are required or 
involved in solving school loathematics problosis. For eacan^le».at * 
certain levels of development children fail to conserve and fail 
to use transitive inference « But little is known about how the 
development of these abilities influence children's learning of 
related mathematical concepts or operations* From a logical » 
adult perspective, the absence of these abilities would seem to 
limit children's ability to learn certain mathematical cone ep|8» 

However there is ample evidence that children ^sho are preoperational 

S 

in Piagetian terms can successfully learn and apply a variety of 
nuBtber, measur^ent^ and geometric concepts and skills (see 
Carpenter, in press-a)« 

In order to carefully investigate the effect of several 

1 

Piagetian constructs on children's ability to learn mathematical 
concepts, this study examined the relationship between length 
conservation and length transitivity and children's ability to 



perspective, conservation and transitivity are ^prerequisites 

for measurement. It is difficult to see how lengths of objects 

can be meaningfully canpared or measured if it is believed that 

simply moving an object, or altering its path, will change its sise. 

According to Piaget, Inhelder, and Sseminsks <1960), the absence 

of conservation precludes measurement, "Underlying all measurement 

is the notion that an object remains constant in size throughout 

any change in position " Q^. 90), Transitive reasonii^ is also 

logically required to measure. All indirect coi^arieons, as weU 

as imit neaauraaent, require transitive inferences between 

» • ■• • • 

equalities or order relations (see^teffe & Hirstein, 1976). 

Clearly the ability to conserve length and reason transitively 
should affect the kinds of measurement concepts and skills 
children are able to learn. 

Information processing capacity. A well documented principle 
that has emerged from the study of cognitive developoffint is that 
young children have a limited capacity to deal simultaneously with 
several pieces of information (Case, 1978a). Instructional tasks 
require children to receive, encode, and integrate a certain amount 
of infoimation. In many cases, children may possess all of the 
skills presumed to be prerequisites for a particular task and still 
fail the task. The reason for this faUure may be children's 
restricted capacity to deal with all of the incoming information 



and their limited ability to integrate the skills which they 

possess (Case, 1975). h 

Within a mathematical context. Carpenter (1976, in press-a) 
and Carpenter and Osborne (1976) suggest^hat children's difficttlty 
In learning particular concepts may result from excessive infor- 
mation processing demai^s of the task rather than the absenca of 
logical reasoning abilities. In fact, after reviewing a number 
of studies on the acquisition of measurement skills. Carpenter 
(1976) concludes that the variation in children's performance 
on measurement tasks could potentially be attributed, to information 
processing variables. ; 

Pascual-Leone (1970, 1976) has proposed a theory of cognitive 
development which focuses on the capacity for processing and 
integrating information. A central construct of the theory is 
the llffiitation associated with the w>xk±ng xaeaory or **M-space" 
of the cognitive systesia It is this component v^ich functions 
as the information processor* whether the information comes from 
the external environment or is accessed from long-term memory. 
The size of this processor or "M-space,'* where discrete chunks 
of information are integrated* is considered to be the key ingredient 
in intellectual development. The basic intellectual limitation is 
the number of schemes or bits of information which can be handled 
simultaneously— a capacity that increases regularly with age. 
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This mental capacity is hypothesised to increase at ebe rate of 
one scheme every two years from the preoperational atage (3-4 
years) until the^late formal operational stage (15-16 years). 
Consequently, "any general stage of cognitive developoent could 
in principle have one numerical characteristic J the number of 
separate schemes (i.e., serrate chunks of information) on viiieh 
the subject can operate simultaneously using his mental structures" 
(Pascual-Leone, 1970, p. 302). 

Fascual-Leone^s th^ry suggests some possible ways 
to relate children's developmental abilities to their learning 
potential in instructional' situations. Since mudi instruction • 
requires students to integrate a number of concepts or sIM>llSf 
information processing capacity or M-space may provide a measure 
of individual children's ability to benefit from a particular 
instruction lesson. If the number of el^ents to be integrated 
is beyond the capacity of the student, learning will presumably 
not occur. 

The present study examined the effect of this capacity on 
children's mathematics' learning. A backward digit span test was 
used to measure information processing capacity or M-space. This 
task has been shown to have a high degree of predictive validity 
in certain Instructional settings (Case, 197Aa, 1977). 



Description of the Study 

The present study was designed to measure the effects o* 
specific cognitive abilities on learning logically related 
oatheaiatics concepts. Wjereas previous work considered only 
global relationships between these phenomena, this study inves- 
tigated the effect of specific logical reasoning abilities and 
an information processing capacity on children's ability to learn 
linear measurement concepts and skills. 

I nstruction Content. Mathematics content was selected which 
is logically related to the developmental reasoning abilities. 
Since Knear measarenient is 3ioa«ly tied to length conservation 
and length transitivity, several fundamental princip^les of linear 
measurement were chosen for thes- instruction sequence. In order 
to identify and sequence the instruction objectives the basic 
concepts. of linear measurement were analyzed from a psychological 
perspective. This a priori, theoretically based analysis yielded 
a framework which identified the important measureaent concepts 
and depicted the relationships between t-hese concepts. 

For purposes of this study, linear measurement was thought 
of as a process of representation. According to Piaget (Piaget 
et al., 1960), children begin measuring by forming concrete 
representations of the length attribute of objects. Lengths 
are first represented using continuous materials. Children are 
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•ubsequently able to use a series of discrete objects to repreaeac 
A single length. Bventually tbey cast iterate units, and, with 
this ability, cooes a progression from concrete to syobolic rep- 
resentation. Children can now represent lengths nuaerically by 
counting units. Figure 1 outlines this progression by ideAtiCying 
two dimensions of the represmitation process. One is the Bove 
froa concrete to symbolic forms of representation; the other is - 
the progression from continuous to discrete to unit Iteration as 
the method of representation. The instruction lessons in this 
study moved from continuous representation of length to unit 
iteration and finally tp a c^jtisitferaUon^f the inverse or multi- 
plicative relationship between unit size and unit number. 

Although the content of instruction in this study was linear 
measurement, other mathematical concepts could have been selected 
to study the effect. of cognitive develoim^nt on children's 
ability to learn mathematics in an instructional situation. 
Linear measurement was chosen for several reasons. First, since 
this study represents an initial inquiry into this question, a 
topic was selected ^ich would loaximlze the possibility of re- 
lating developmental variables to learning patterns during 
Instruction. Several Plagetian concepts, such as length conserva- 
tion and length transitivity, are logically tied to linear measure- 
ment operations. Consequently an instruction sequence on linear 
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Figure 1. Psychological Analyeis of Elementary ^^^^ Measurement 
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neasurement seems especially likely as & context In which the 
hypothesized importance of the develofrntental factors could be 
detected. 

In order to maximize the possibility of uncovering these 
relationships it was also necessary to select content which wa© 
not confounded with previous school instruction, . In oost school 
programs first-grade children are less likely to have received 
instruction in linear measurement than in beginning arithmetic 
topics. This laeans that a sample of first-grade children could 
be selected \iho had not yet been exposed to the basic skills 
and concegts of measurement. 

A third reason for selecting measurement as the instructional 
content was that measur«nent represents a fundamental concept in 
elementary school mathCTiatics. Much of early school mathematics 
can be generated from wrk with measurement (Romberg, Harvey, 
Moser,& Montgomery, 1974, 1975, 1976; Van Wagenen, Flora, & 
Walker, 1976). In spite of this fact, little is known about how 
children learn to measure. While prenumerical measurement has 
recelv«I considerable attention, the processes by which children 
begin to assign numbers to measured objects have not been carefully 
studied (Carpenter , 1976) . What is needed at this point is an 
investigation into how children make use of premeasurement notions 
to learn measurement concepts (Carpenter & Osborne, 1976) . 
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Sample and Instruction Procedures . The empirical procedures 
of this 8tud> can be partitioned into three major components : 
sample selection, instruction, «nd assessment. Each of theae will 
be briefly described. The s^ple consists of 32 first-grade 
subjects who were selected according to two criteria: 1) to 
include children of different developmental levels with respect - 
to length conservation/length transitivity and M-space. and 
2) to exclude children who already had some knowledge of the 
measurement concepts on which instruction was given. The first 
criterion permitted Investigation of the effects of the cognitive 
abilities on children *s learning performance, and the second 
criterion served in part to equate children in the sample on 
initial knowledge and to ensure that all chlldrenvCoulfl potentially 
demonstrate improved performance as a result of instruction. The 
sample contained an equal ntasber of subjects in each eel" of a 
2X2 matrix of high/low logical reasoning ability by high/low 
K-space. 

After the sample was selected in accordance with these 
criteria, instruction was provided on several concepts and skills 
of linear measurement. Children were instructed individually and 
were actively engaged in measuring by representing, comparing, 
and constructing various lengths. In addition, they were asked 
to recognize and resolve the conflict introduced by a discrepant 
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measurement strategy used by the instructor. M*:ev the child 
completed the task (correctly or incorrectly) » the instructor 
aejasured in a different vay and arrived at a different answer 
in order to produce some conflict which the child was asked to 
resolve. Cognitive conflict has long been recognized as a powerful 
motivating force in behavior .(Festinger, 1957) ,and is genei;4lly 
acknowledged to be a potent learning mechanisiB '.Ginsburg & 
Koslowski, 3 976). One reason for its inclusion in these lessons 
was to mayimiza the beneficial effects of instruction. 

Built into each lesson were several assessment tasks. Thus, 
children's ability to learn the measurement concepts was evaluated 
as part of the instruction lessons. This allowed a continuous 
monitoring of the children's progress and an assessment of the 
effect of each instructional episode on the relevant measurement 
concept or skill. The relationship of these assessments to the- 
children's level of cognitive development was described both 
statistically and anecdotally . 1^ complete description of the 
procedures is given in Chapter IV, and the particular analyses 
which were carried out are detailed in Chapter V. 

Questions of Jtfterest . The primary purpose of this study 
was to examine the "effect of several cognitive development variables 
on children's ability, to learn gi^asurement "iHyicepts . An in-depth 
analysis of the measurement concepts in tenns of the cognitive 
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•bllltifts required to learn thga led to several research 
b7pothese&. In general', the hypotheses predicted betweea-group 
differences on some measurement tasks and not on others. Hie 
logic^ analyses indicated that some tasks placed heavy demands 
on certain cognitive abilitiest vhile others did not. Differences 
between the developmental groups should appear on those taskf^^ 
vhich require the particular developi«ntai ability. With t^espect 
to the Piagetian constructs of conservation and transitivity, the 
axialysis shoved that some of, the instruction tasks are logically 
dependent upon these abilities while others are not; they require 
only a sinsple meESureiaont techniques The differences between 
preoperational and ^operational childri^n should be greatest on 
those -tasks which require the application of conservation and^ 
transitivity principles. Similarly, not all tasks make equivalent 
demands on information processing capacity ♦ A reasonable hypothesis 
was that those tasks which require the integration of several 
measurement skills or concepts demand more capacity for solution 
than those which focus on a single skill* Therefore the differences 
between low H-space and high M-space children should be greatest 
^on the tasks requiring skill integration. These hypotheses 
concerning between-group differences formed the initial questions 
of inters t in this study. 

One factor which may help to explain potential between-group 
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differences is children's ability to recognize and resolve the 
cognitive conflict introduced during instruction. This process 
Bay help children reorient their thinking and sub'sequehtly 
iaprove their understanding of the measurexaent concept. A question 
of secondary interest ±n this study was whether the recognition 
and resolution of cognitive conflict aediat:es the relationship 
between developmental level and ability to benefit from instruction 
Are' children^ t a higher developmental level able to recognize 
and resolve conflict to a greater degree than children^at a lower 
level, and" does the recognition and resolution of coni[llct result 
in Improved performance on the learning tasKs? These questions 
were subjected to esipirical test. A precise formulation of the 
hypotheses and a description of the analysis procedures is given 
in Chapter rv. 

In order to taove beyond the determination of statistically 
significant group differences, the final area of interest 
focused on the description of processes which children use to 
cooplpte the measurement tasks. A detailed description of these 
processes may begin to uncover some important differences in 
solution strategies which are available to children at different 
developmental levels. For example, Piagptian operational children 
4re theoretically able to dr.nw upon a qualitatively superior 
^let of mental operations to deal with problem-solving situations. 




In this study, children's ability to conserve length and reason 
transitively should affect the processes they use to solve 
linear saeasurezDent (:asks. Descriptive analyses vere carried out 
to 1) characterize the processes used by children at different 
developnental levels, and 2) characterise the processes used to 
solve particular 'tasks which differed in the demands they made 
^on developmental abilities. The intent of these analyses vas 
not only to determine if developmental level makes a difference 
in vbat vas learned » but also to provide information on how or 
in what way the developmental capabilities manifested themselves 
in the learning process. 
Rationale and Significance 

The significance of this study is best understood if it 
is viewed within the context of a "linking science" between 
psychology and education. History has recorded a continuing 
debate about the effect which psycho Ibgical thc^ory and research 
can or should have on education » In an effort to deal systemati- 
cally with this issue t Glaser (1976) recently revived Dewey *s 
(1900) ^nc^rn for a linking science between the two disciplines, 
Glaser argues that the application of descriptive psychological 
research to prescriptive educational practice cannot reat with 
the sporadic interests of individual psychologists (e.g., Bruner* 
1966; Gagne, 1974, 1977; Skinner, 1968; Thomdike, 1922). If 
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cognltivV-^sychoiogy is going to contribute to instructional 
programs, a linking science must be established t^? deal in e 
systematic and cumulative way with the potential .-Implications 
of psychological theory and research for education. 

Within the ares of mathematics education, "Carpenter (In^ 
press-a, in press-b> supports this view in outlining areas of 
needed research in mathematics education. Carpenter argues that 
the unique contribution 'of- mathematics educators vis-a-vis 
psyctologists lies in thle construction of a linking science 
between cognitive psychology, and instructional practice in 
mathematics. Whereas psychological research is only incidentally 
concerned with learning and. teaching school mathematics, research 
in mathematics education should be aimed directly at significant 
problems in mathematics instruction. General questions of 
learning and development should be recast into specific questions 
about relationships between pj^rticular developmental variables 
and learning school jnathematic^s content. Furthermore, research 
should focus on the afiplicatioii of current theories of cognition 
and development to educational practice. Rather than testing 
and extending psychological theories, mathematics educators 
should concern themselves with establishing links between 
existing theories and the learning or teaching of school mathematics 
How does one build a linking science between psychology and 
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Wucation? Speaking in a nore 'general context. Popper (1963) 
ie*cribe4 the process of building aciencea as on« of testing 
'Siting theories, traditions or "Byths." Where coaprehensive 
theories have not been established^ traditions serve the sase 
function. . A science is gradually constructed as traditional 
notions are scientifically scrutinised and subsequently altered 
or refined. Since no comprehensive theory exists which outlines 
the psychological implications for education in general, or for 
mathematics education in particular, the construction of a 
linking science will depend, at least in part, on testing 
traditions. 

The significance of this particular study rests with the 
specific tradition under investigation^ A widely accepted and 
potentially useful belief, which currently holds the status 
of a tradition in Popper ^s terms,* is that children's level of 
cognitive development influences, their abilitir to learn math- 
ematics through instruction. Presumably, the rate and courae 
of development are not readily altered by instruction. Qual- 
itatively different mental processes are available to children 
at different levels of development. Earlier processes are less 
complete than later ones. Furthermore, earlier levels of develop- 
aent Impose certain limits, on children's capacity to deal with 
all of the required information in instructional situations. 



32 



19 



Level of cognitive development therefore describes fua d an enf 1 
individual differences between children at a given point in 
tl»e. The tradition suggests that these individual differences 
between children can be partiaUy accounted for, aad taken advan- 
tage^, by providing instruc^onal taaks which are appropriate ^ 
for each child's level of ^evelopaent. 

If the tradition survives scientific test it would have 
significant consequences for instruction since it would provide 
a criterion on which to individualize mathematics content. Some 
form of individualized instruction is the ultimate goal of many 
Instructional models (Klausmeier, Rossadller, & Saily, 1977). 
The intent of individualized programs is to provide different 
children with different types of instructional tasks or a different 
rate of instruction to maximize its potential benefit for each 
child. The assumption of these programs is that it is possible 
to 1) identify characteristics of children which affect their 
ability to profit from instruction; 2) analyze instructional 
tasks in terms of these characteristics; and 3) dei^ign instruction 
so that each child receives appropriate tasks in terms of these 
characteristics. 

Traditionally, the student characteristics on which instruction 
has been individualized have been global measures like IQ or 
chronological age. Trve individualization needs to be based on 
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c mich aore detailed analysis ot children *s intellect^l 
abilities and the relationship betveen these abilities mod school 
learning. What is needed at this point for aathematics education 
is ittfomation on the relationship between cognitive developaant 
abilities and learning mathematics from instruction. The current 
study provides this type of information by Investigating the 
effect of several developmental variables on chil43^en*s ability 
to learn linear measurement concepts. 
Scope of the Study 

The previous sections of this chapter have outlined the 
nature of this study by describing what the study is; this section 
will provide additional focus for the study by describing what 
it is not. The purpose of this section is not to detail all 
of the liinitations associated with the methodological procedures— 
these will be dealt with in the final chapter ^ The aim is rather 
to characterize the study by identifying its conceptual parameters. 

This study touches on two major fields of research: cognitive 
development and instruction. In order to clarify the nature 
of the study it is important to set its boundaries with respect 
to each of these fields. First, as described in the preceding 
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section, the purpose of this study was to establish links or 
relationships between cognitive development and matheoatics 
learning. It was a test of potential implications of cognitive 
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devclopoent for mathaaatica instruction, not a validation of 
developoental constnicta. While the study drew heavUy froa 
several theories of cognitive developaent In order to identify 
relevant cognitive variablctt, it did not represent a test of 
the theories themselves. What it did represent was a careful 
examination of the fundamental contribution which cognitive 
development holds for improving mathematics instruction. 

Second, although the study necessarily employed an instruction 
procedure it was not a study on instruction. Instructional 
variables were not systematically manipulated and the outcomes 
were not explained in terms of these variables. Only one 
instructional treatment was used, and it differed in significant 
vaya from coaventional classroom instruction and other instructional 
treatments. In other words, the concern of the study was not 
with the differential effects of different instructional strategies. 
The study focused on the effects of internal learner characteristics 
rather than the effects of external instruction procedures. 

The general view of instruction adopted in this study is 
consistent with this caphasis. It is believed that the effects 
of instruction are mediated in a substantive way by the cognitive 
processes of the learner. Consequently, an understanding of the 
instruct ional process begins with a diagnosis of relevant learner 
characteristics. As Wittrock (1978) has outlitked in his cognitive 
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Bodel of instruction, individual diffsreoces among learners are 
Important in the study of learning froa instructionv especially 
the individual differences in cognitive derelopaental abilities. 
It vas assumed in this study that aa examination of the ways in 
which children with different cognitive characteriatics respond 
to instruction will contribute to an understanding of the instrxic- 

« 

t ion/ learning process. 

It is acknowledged thaf the study considered only one of 
the many components of an instructional situation. Carroll (1963) 
proposed a school learning model with five independent components. 
The present study investigated an aspect of one of these — appro- 
priateness of the task as a part of the more general notion of 
quality of instruction. Other important components, such as time 
allowed to learn the task, were controll^ rather than systemati- 
cally investigated. Changes in these variables may have produced 
different performance levels. Nevertheless, the argument advanced 
here is that the nature of the task does represent a key ingredient 
in inst^ction; and, given an instruction procedure, the question 
is %»hether, and in what way, the developmental abilities of the 
learner determine its appropriateness. How do cognitive develop- 
mental characteristics affect the child *8 ability to learn certain 
mathematics content in a particular instruction situation? The 
relationship or link which was examined in this study can therefore 



be nora specifically identified as a link between cognitive 
development and instructional content. Carpenter (in pre«»-a) 
baa proposed that this represents one of the most productive 
areas in which to begin establishing links bet;j|een the child's 
developnental abilities and learning oatheoatics throxigh 
instruction. 
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Chapter II 

THEOHEXICAL. BACKGBOmiD 

Introduction 

Several theories of coguitive development provide the background 
for the present study. Two of these theories have already been identi- 

* * 

fied and briefly discussed in Chapter I, Piaget*» theory and the Infor- 
station processing theory of Pascual-Lisone, Two additional theories, 
Vygotsky*s theory of devcloisnent and the learning theory of Gagne, are 
also relevant for this study. All four theories directly address the 
general theoretical notion which underlies this investigation — the 
relationship between development and learning. In wliat way does devel- 
opment constrain, or facilitate, learning? How do the cognitive abil- 
ities which eoerge with development impinge upon a child's learning 
potential during instruction? These are the questions which provide 
the focus for this investigation; and it is the theoretical statements 
regarding these questions which are of priasary interest. This chapter . 
will review aspects of each of the four theories which relate to the 
questions of learning versus development. 

The present study aid not represent a test of the theories them- 
selves. HowVver, it did investigate the potential liapiications of 
several coost.tucts of these theories for mathematics education^ This 
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study drew heavily on these theories in terms of selecting measures 
of cognitive^ development, planning instruction procedures, interpret- 
ing results, and soliciting general theoretical support for the type of 
study conducted here. Consequently, a review of the relevant parts 
of these theories is important for understanding the nature and origins 
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of the theoretical constructs enployed in this study. The purpose 
of this chapter is to provide such s review by charscterixing the 
general notions of learning and development and then briefly describ- 
ing how each of the four theories views these two concepts. Along 
with the description will be a rationale for including each theory. 
i,e<, a discussion of how each theory contributes to the current 
'study. 
Sevelopment and Learning 

The terms "development" and "learning" elude meaningful, 
universal definition. It is difficult to characterize these 
notions in ways which are acceptable to ail four of the theories 
identified above. The problem is that the theories are based on 
different assuoptions, arise fross different world views or paradigms, 
and consequently define basic terms like development and learning 
in different ways. These definitions are internally meaningful 
but are unacceptable to Theories based on other assumptions. 

A useful distinction between two radically different world 
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views and their categorically-determined theories of development 
has been proposed by Reese and Overton (1970) . One is based on 
the organisffiic model and is represented by the theories of Piaget 
and Vygotskyj the other is based on the mechanistic (or machine) , 
model and is represented by Gagne's theory. Organismic theories 
believe that it is useful to distinguish between development and 
learning. While both processes involve changes over time, they 
are characterized in fundamentally different ways. Development, which 
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is the major coccem of these theories, is generally regarded «« 
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"a sequential set of changes in the systes, yielding relatively ^ 
permanent but novel increments not only in its structure but in its 
nodes of operation as well" (Nagel, 1957, p. 17). Development is 
therefore seen to have .an effect on the internal structure of 
the cognitive system resulting in qualitative, as well as quanti- 
tative, behavioral changes. Furthermore, genuine, developmental 
events are considered to be those which are universal, across 
individuals 4rtid across situations (Wohlwill, 1970a). Chsn||es which 
are the result of specific experience^or which show up only • . - 
in certain individuals do not qual/fy as developmental. Development 
must therefore be viewed as a broad-based process of change which 
cannot be accounted for by particular antecedenc conditions. 

Learning, on the other hand, is thought of in terms of changes 

i . . 

occurring under a relatively defined set of conditions, over brief 
periods of time, and for which antecedent' conditions are theoretically 
specifiable. Learning can result from specific, identifiable 
conditions and particular learning events can be limited' to certain 
individuals. Learning receives much less emphasis than development 
in most organismic theories. 

Mechanistic theories, on the other hand, are primarily concerned 
with learning. In fact many such theories define development as 
the siojjle accumulation of learning experiences (White, 1970). 
Particular learning events occur over relatively brief periods of 



time and can be accounted tor by specific aftteced^t' conditions. 
Developneat is then defined to be the sum total of ail learning 
events. In this sense develo|aneat does not constitute a phenomena 
separate from learning, but is rather subsumed by, or dependent 
upon, learning. 

♦ 

In suaaary, both mechanistic and organs imic theories agree 
that "learning" can be thought of in terms of behavioral changes 
occurring over relatively short periods of time. The reasons 
for these changes are theoretically identifiable. VJhile mechanistic 
theories contend that this type of learning potentially accounts 
for all changes in human behav4.or, organismic theories believe 
it is more useful to postulate another type of change, called 
"development,." which is observable only over longer periods of 
time and is ndt reducible to particular environmental causes. 

While there are fundamental differences between these theories 
which may be irreconcilable (Reese & Overton, 1970), many of the 
differences between the notions of learning and development can 
be accounted for by the level of analysis of behavior change 
which is adopted (Wohlwill, 1973). Learning is studied using a 
microscopip level of analysis to observe changas occurring under 
a defined set of conditions and over brief periods of time (e.g., 
minutes, hours, days), ^n contrast the study of development requires 
a macroscopic approach where changes are observed (or inferred) 
in more natural settings and over longer time periods (e.g., 
tenths, years) . 
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. The current^ study investigated learning and the effects of 
development on learning, rather than development itself. Consequently, 

# 

the study employed a microscopic level of analysis^ ^or this 

reason it v&s important to consider the leataing principles 

proposed by those (mechanistic) theories which focus on the learning 
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process. Gagne's <1974, 1977) theory of learning was selected 
for this study because of its frequent application to instructional 
settings • It was also important to consider the developmental 
constructs relevant to learning proposed by those (organismic) 
theories which focus on the developm«ttal process. For reasons to 
be outlined below, three organismic theories of cognitive development 
were selected for review: Fiaget^s, Pascuai-Leone^s and Vygotsky*s. 
The remainder of this chapter will briefly present the position 
of Gagne's learning theory^ and each of the three developmental 
theories, on the question of learning versus development • It 
will describe how constructs from each theory were incorporated 
in the study, * ^ 

Piaget^s Theory 

For Piaget (1964, 1970, 1974), as for most organismiats, 
there is a clear distinction between learning and development. 
Cognitive development is a spontaneous process embedded \n the 
context of a developing human system. The development of cognition 
is inseparable from the growth of biological an^ psychological 
faculties. It is a broad-based process, generalizing to a wide 
variety of specific situations* 



Learnlog, on the other hand, U a limited process. It 
occurs when provoked by specific external situations (e.g., a 
didacric point made by an educational experimenter). It is not ^ 
widely generalizable but- is usually restricted to a single problem 
or concept. This is not to minimise the Importance of "learning" 
since ^t constitutes an essential part of the educational process 
(Piaget, 1971b). However, these descriptions portend Pir-et*s view 
on the relationship between these %:vo notions. 

His position is summarized in the following statement: 
"I think that development explains learning, and this opinion is 
contra^ to the widely held opinion that development is a sum 
of discrete learning experiences," (Fiaget, 1964, p. 176). The 
phrase "development explains learning" is more significant and 
loaded with meaning than it might appear at first glance. It 
implies that the outeoiae of a learning experience is accounted for 
by developmental capabilities . That is, learning potential is 
defined (or explained) by developmental capacity. 

This idea can be clarified by placing it within the context 
of the Piagetian notions ot assimilation and accomowdation. For 
Piaget, development is motivated and controlled by the dynamic 
tension between these two ubiquitous processes. Simply described, 
assimilation is the incorporation of external stimuli into existing 
mental structures. Often, if not always, the external stimuli need 
to be modified in order to "make sense," or to "fit" the internal 
mental structues, and thereby become assimilated. Accommodation is 



the cOTpieaentary process whJLch involves the oodification of aentml 
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structures to bring thea "in line" with external reality. 

A useful, although oversifflplified, picture of the interplay of 
these two processes is the following. Accommodation interjects a 
qualitatively new mental operation into the cognitive repertoire. 
Asslfliilation utilizes this operation in an ever-extending variety 
of situations to internalize incoming information. This operation 
becomes inadequate (i.e., it fs unable to make sense out of some 
novel stiaailus) and mental restructuring (accotasaodation) occurs, 
generating a higher-order mental operation. In cyclic fashion 
this pattern repeats itself over and over. This narrative is 
oversimplified because it is difficult to isolate a specific 
cycle and label the appropriate parts "assimilation" and "accoonoda- 
tion." These processes are active on many fronts simultaneously, 
and any temporal ordering of them is futile. 

However, these concepts are useful in interpreting Piaget's 
view of beaming and development. Learning involves assimilation 
while development consists of the inter-action of assiioilation and 
accommodation. Since assimilation is dependent on the type of 
mental operation which is available, tt follows that learning is 
dependent on the developmental stage of the learner. Piaget 
describes this situation in the following series of statements. 
I shall define assimilation as the integration of any sort 
of reality into a structure, and it is this assimilation 
which seems to me to be fundamental in learning, and which 
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seems to me to be the fundaaentaX relation f roja the point ^ 
of view of pedagogical or di^iSctic applications (Pi^fet, 

.1964^ p* IfiS)* - - - 

No learning occurs when the subjects are too young for 
therte to be a possibility of extending the zone of 
assladlations. ... A positive eflEect is obtained 
when the aspects introduced by the trainiijfc,^|y^tut« 
an assiadlatory instrument, but this is also dependent 
on the subjects* developmental level. I.e., his 
competence. . . the notion of competence has to be 
int/oduced as a precondition for any learning to take 
place (Piaget. 1974, pp. xii-xiii) . 

An/ discussion of Piaget's views on learning and development 
would be incomplete without a description of the distinctions 
Piaget makes between different types of learning or knowing. 
These distinctions are important both for understanding Piaget 's 
theoretical position and for applying the theory to an instructional 
context (Smock, 1976). Furthermore, it is these distinctions 
between qualitatively different kinds of learning which provide 
such a marked contrast between Piaget 's theory and many well-known 
learning theories. Piaget makes two types of distinctions, one 
between operative learning and figurative learning, and another 
between logical-mathematical knowledge and physical knowledge. 
These two distinctions are closely related (i.e., operative learning 
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u«x»ally involves logical-aatheawitlcai knowledge) but th«y «r« not 
aynonyxKus . 

♦The distinction between operative and figurative learning ±s 
a distinction between logically-based learning and ©apirically- 
based learning (Siaock, 1976) . It is a distinction between learning 
about transfonaations and learning about states (Piaget, 1970). 
It is a distinction between learning basad on the generalitable , 
aspect or "form" of an activity and learning based on the particular 
aspect or "content" of an activity (Furth, 1969). Operative 
learning generalizes across content, transfers to related problems, 
is invariably stable (i.e., is not based on recall), and^is resistant 
to extinction; figurative learning is content^ specific, i^ subject 
to tiemory loss, and is susceptible to counter-suggestion. 

All learning follows the laws of developaeot (Piaget, 1964), 
but different types of learning "follow development" in different 
ways. Both figurative and operative learning follow development 
in the sense that both have developmental prerequisites. However, 
even here there is a difference. The developmental prerequisites 
for figurative learning (e.g., perception and memory) are already 
present at an early age, while those for operative learning (e.g., 
logical operations) continue to develop throughout childhood and 
adolescence (Furth, 1969), and are in fact the hallmarks of Piaget 's 
developmental stages. In addition, operative learning follows 
development in the sense that it proceeds by the same laws or 
iMChanisms which guide development. According to Piaget, the primary 
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h^r-*F« ia both cm«s i* «quilibr«tion, th« dynamic balanc* 
betw««n M»ittll*tion and acccaraotUtioti achieved by the recognition 
and reaolutlon of cognitive, conflict. Operative learning, therefore, 
depends upon deveXopaental abilitiee for it» occurrence and progreaeea 
via developnentai «echani«»». In tMuay ceaee it ie «eanlngle»» to 
dletlnguieh thie^ type of learning f ro« d«velop«ent itself (Furth, 

1969). . ^ 

A second distinction »ade by Piaget, whieh correspoi^is closely 
to the first, is between logical-oatheoatical knowledge and physical 
knowledge. The first results from acting on objects and discovering 
properties of the actions ; the second results from acting on objects 
and discovering properties of the objects (Piaget, 1970). The 
first arises from deduction and is verifiable by logical reasoning; 
the second arises from induction and is verifiable by ^pirical 
test (Beilin, 1976). While logicsi-mathefaatical knowledge Is 
generated by internal mental processes, physical knowledge is 
achieved by direct contact with the external environment via one 
of the five senses (Steffe, 1976). 

Applied to the present study, Piaget's theory on learning 
and development, and his distinctions between figurative and operative 
learning and between logical-mathematical and physical knowledge 
have several signlfi-cant impllcstions. first, the theory clearly 
implies that the deveiopiwntal level of children constrains 
their ability to benefit from an instructional lesson-. Several 
Pitgetian measures of cognitive development which are logically 



rcUced to linear awur«a«nt wer« include In this study to 
assMX the effect of developnent on learning mcesureaent concept* • 
Second, the dUtinctions between the different types of lemming 
end/or knowledge suggest that the different aeasttresent tasks 
«sy require different types of learning and nay therefore be 
differentially affected by the developmental variables. Some 
of the tasks ttay require only figurative learning or physical 
knowledge and may therefore be accessible to many preoperational 
children. Other tasks may involve logical -"mathematical knowledge 
and require operative learnings These tasks would be master^ 
only by concrete operational children since it is these children 
who have attained the logical operations which are theoretically 
required to achieve operational measurement. The n^easurement 
tasks were analyzed to differentiate tho^e based on physical 
knowledge from those based on logical'-mathematical knowledge. 

Finally, according to Piaget's theory, operative learning is 
motivated by equilibration, or the resolution of cognitive conflict 
(Piagct, 1971a). This mechanism is believed to be responsible 
for the acquisitlcii of all logical-mathematical concepts. A 
learning procedure based on this mechanism has been successfully 
employed by the Genevans in their studies on learning and develops 
ment (Inhelder, Sinclair, & Bovet, 1974). The effectiveness of 
this proc^ure as a learning mechanism in measurement contexts 
has been recently demonstrated (Carpenter & Hlebert, Note 2). 
The present study made use of this theoretical construct by 
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designing iostruction whichVntroducad conflict iuce tb« l««mlJit 
•Ituatien. The exper^aenttr posed soiutlOM to the BM««ur«»eat 

probl«a« which 4iff ered f real tlie child!^^ and tiie child jwaai *ak«l 
to explain the difference between the aolutione in ceraa of the 
meaturesent principles involved. The alternate aolutiona provided 
by the experimenter differed along dimeneione lAich were found 
in pilot work to have a high level of appeal or lalience for the 
children fo that genuine conflict waa induced. Of course, according 
to Fiaget, whether or not children experience some form of cognitive 
conflict when it is introduced into the learning situation ia itself 
dependent upon their level of cog?;iitive development, 
Pascual-Leone*8 Theory 

t 

*A second Mjor theoretical orientation to be considered in 
this study emanates from the rapidly expanding field of infonaation 
processing psycholo-/. Although there are substantial differences 
between theories, they are all based on the thesis that the input 
to a psychological processing system, which may be external or 
internal, provides information that is transformed and acted upon 
in a variety of ways deiaanded by the task. An attempt is made to 
account for performance on cognitive tasks in terms of actions 
that take place in a temporally ordered flow. Therefore, most 

f 

theories characterize mental functions in terms of the way information 
is stored, accessed, and operated upon. Mental structures, on the 
other hand, are often discussed in terms of ^an intake register 
through which information from the environment enters the system. 
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a working or »bort-ter« m«»ory in which th« actual inforswtioo 
processing occurs, and a Xong-tera mfioory in which ali toowledgc 
Is stor^. A critical structural cwaponent of such a systeia is 
its short-term memory. It is critical for two reasons! 1> it 
is extremely limited in capacity, and 2) it is the locus of all 
processing, whether the inforo^ion comes from the external 

environment or is accessed from long-term mciaory. 

/ ■ 

The increasing capacity of this working memory, i.e., of the 
capacity to process information, is a fundamental characteristic* 
c* c«£i*itive development (Bruner, 1966; Case, 1978c; Flavell, 1971). 
Young children are still quite limited in their ability to deal 
with all of the information demands of complex tasks. This limited 

•■9 

capacity may be a critical developmental factor which constrains 
children*^ learning in Instructional situation^ (Case, 1975, 1978a, 

1978b) . ^ 

As described in Chapter I, Pascual-Leone (1970, 1976) has 
proposed a theory which operationalizes the development of this 
information processing capacity or "M-space." Since this capacity 
is hypothesized to be the critical factor in cognitive development 
and serves to identify developmental differences between individuals, 
and since the ability to process information may be an important 
variable in instructional situations, the construct of M-space 
holds significant promise for attempts to relate children's 
level of development with their ability to profit from instruction. 
Pascual-Leone' 8 theory is therefore particularly relevant for the 
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pr«0ent study. 

P««cuml-Leone*i view of the relationship between learning^ and 
devclopaent is similar to Piagct*s. otxly can intelligence 

not be ri^uced to learning, but patterns of learning and the ceiling 
of learning achievenents are a function of the subject's intellectual 
levels" (Pascual-teone, Note 3, p. 3). According to Pascual-Leone, 
learning is a change in behavior resulting from factors Jhich are 
extrinsic ts the psychological systea. Within the theory, learning 
is seen to produce a change in the repertoire of schemes (internally 
represented behavioral units or patterns) available to the subject. 
Since K-space is of limited capacity, the number of information 
chunks which can be coordinated to produce a new scheme is limited, 
and therefore the complexity of learned schemes is also limited. 
In this way the processes of learning are constraint by the 
d«tvcloping psychological system. 

Pascual-Leone's theory provides a potentially useful counter- 
part to Piaget's theory of development. Piaget emphasizes the 
structural aspects of development and suggests 'that learning 
through instruction depends upon the presence of internal logical 
operations. Pascual-Leone, on the other hand, is concerned with 
the functional aspects of development and the temporal mental 
processing of Information; learning through instruction depends 
on the child's capacity to process all of the essential incoming 
information. The complementary relationship between these theories 
has already been empirically demonstrated. Information p^cessing ♦ 
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vmrij^blts hav« hmmcx sl^nm to account for mich of thm p^rfonuncc 
variation often foimd on Piagetian tasks (Baylor & &iscon» 1974; 
Baylor & LeHoyna^ 1975; Casa^ lS74b^ ^Htoiltonr 4 iatma?^, 1976; 
Haffiiitcn & Moss, 1974; Parkinson, 1975; Scardaaalim, 1977). 
This study will include a measure of infon&ation processing capacity 
in order to test its useft^neas as a measure of children's ability 
to benefit from instruction* 

It must be recognized that applications of Pascual-XiEone's 
theory to instructional settings are still in an exploratory stage* 
Due to the relatively recent formulation of the theory itself » 
its implications for education have not been clearly delineated 
or tested. Several remaining problems prevent a definitive 
investigation of the role of M-space in instructional situations. 
The major problem faced by this study is the following. In order 
to generate hypotheses about children's performance on specific 
tasks 9 both the infr»rmation processing capacity (M-space) of the 
child and the information processing demands of the task must 
be known. The first is relatively straightfotvatu since meiisures 
of M-spsce have been developed • But the second is more probloaatic. 
Analysis of the task in terms of its information processing deSiands 
must be carried out from the child's point of view. ''The natural 
units into which the learner analyzes the task should be considered 
more important than the a priori units into vhich a sophisticated 
instructor might divide them'* (Case. 1975, pp. 84-85). This type 
of analysis is particularly difficult since different children have 



different schemes available in their cognitive repertoires ^nd 
hence laay approach problems in different ways. "Since H d«B*ad is 
defined from the subject's point of view, the saoe task »ay have 
different M demnds for different subjects, depending on the 
schf^s they bring to the task and on how they chunk the information 
presented to thea in the t'Ssik" (Scardaaalia, 1977, p. 29). 

To date, nost empirical work emanating from Pascual-Leone's 
theory has employed specially designed novel tasks and a brief 
pre-training to ensure that 1) all subjects had similar cognitive 
repertoires with respect to the task, and 2) a task analysis was 
possible which detailed step-by-step the processes which children 
could use to solve the tasks (see, e.g.. Case, i972b, 1974a; 
Parkinson, 1975; Scardmalia, 1977). 

At this point it is not clear how such a fine-grained 
analysis of conveational school mathematics tasks might be carried 
out. Consequently the approach taken in this investigation was 
the following. First, children were selected who had a similar 
knowledge base with respect to measurement concepts, i.e., who 
had a similar set of schemes available for solving measurement 
tasks. Second, it was assumed that children would use the 
individual skills or concepts they learned during instruction to 
solve the post-instruction task. Since these skills represent . 

* 

newly-learned or non-automated skills they require some M-space 
for their application. While the instruction focused on a sequence 
of individual skills or concepts, the post-instruction task required 



the integration of these ikills. Therefore it was assuned that if 
M-«pace affects children*s afcility to learn about liijear a«»sur«a«»t, 
this effect would be laost pronounced on the post- instruction tasks. 
VyRotsky*8 Theory ' . 

The problems encountered in the psychological analysis 
of teaching cannot be correctly resolved or even formulated 
without addressing the relation between legiTiing ax>d 
- development in school-age children. Yet it is the 
aost. unclear of all the basic issues on which the 
application of child development theories to educational 

processes depends (Vygotsky, 1978, p. 79). 

Central to Vygotsky*8 (19u2, 1966, 1978) theory of cognitive 
development is the relationship between learning and developaenjc: . 
Although Vygotsky treated these terms oore in line with* organisaic 
than mechanistic theories, he rejected what he considered to be 
the two major and opposing views on the relationship between them. 
Ihe first, which he ascribed to Piaget, says that learning follows 
or lags behind development. Since development has a heavy matura- 
tional component it is not altered by learning experiences. The 
opposite view, which Vygotsky attributed to behavior is t psychology, 
sees learning and development as identical phenomena. Development 
is only the accumulation of learning experiences. 

Vygotsky introduces into this poliirity of views an alternative 
position comprised of several theoretical notions. Two ideas ^re 
especially germane: the "zone of proximal development," and the 
distinction between spontaneous and scientific concepts. The zone - 

54 
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of proximal development ia defined by Vygotsky (1978) as "the distance 

between the actual develppaental level as determined by independent 

problem solving and the level of potential development as determined 

through problem solving under adult guidance or in collaboration 

with more capable peers" (p. 86). While the actual dievelopmental 

-levfl describes development which has already been completed, 

the zone of proximal development characterisea the development 

which is to come. 'Vhat is in the zone of proximal development 

today will be the actual developmental level tomorrow" (Vygotsky, 

1978, p. 87). The critical feature of this construct is that the 

zone is created by learning experiences. The actual developmental 

V 

processes lag behind the learning processes and this discrepancy 
produces the zone of proximal development. Therefore learning is 
believed to lead, rather than follow, development. 

The distinction between spontaneous and scientific concepts is 
important both for understanding^Vygotsky 's theory and for applying 
the theory to instructional ■ contexts. Spontaneous concepts are 
those which result when the child does the abstracting; scientific 
concepts are those which result when the^ abstracting is done by 
an adult who then transmits them to the child, most often by 
verbal definition. Spontaneous concepts are drawn from the child's 
experience and exist independent of any conceptual fystemj scientific 
concepts always exist as part of a formal conceptual system. 
Spontaneous concepts are "nonconscious" in that attention is centered 
on the object and not on the thought itself; scientific concepts 
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are under Intellectual control and may themselves be reflected 
• - ^ 

upon. These distinctions may ^ive the erroneous laprcssioa that 
these types of concepts develop independently without sny cotsoon 

ground. The fact is that in the interaction of these concepts 

I 

the relationship between learning and development can be seen 

■» 

aost clearly. Vygotsky suggests that the development of the ^ 
spontaneous concepts proceeds ^pvard, while the development of/ - 
scientific concepts pi:oceeds downward. At the point of contract 
the spontaneous concepts imbue the scientific concepts with ex«* 
perientiai meaning and vitality, while the scientific concepts 
provide an organizational framework or system for the spontaneous 
concepts. Vygot&ky proposes that development involves the growth 
of spontaneous concepts, and learning the growth of scientific 
concepts. 

For Vygotsky p the implication of these tvro ideas for instruction 
f 

is clear. First, instruction should be directed toward the zone 
of proximal development rather tfhan the actual level of development, 
'^e only good k^nd of instruction is that which marches ahead 
of development and leads It; it must be aimed not so much at the 
ripe as at the ripening functions" (Vygotsky, 1978, p. 104). 
Second, instruction should be directed toward the scientific 
aiiipect of already formed spontaneous concepts. It should provide 
the spontaneous concepts with a formal conceptual system. 

Vygotsky often viewed his work in contrait to Piaget's. 
He believed that the relationship between school gleaming (or 
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instruction) and dcvclopaent constituted tb« basic differ«nc« 
between the theories. dissgreeaent with Piaget centers 

on ^o^/^int only, but an iaportant point. He assumes that 
developoent and instruction are entirely sei^arste, incoaDenaurate 
processes" (Vygotsky, 1962, p. 166). It is clear that Vygotsky 
interprets Piaget as proposing an independent, or more accurately, 
a unidirectional relationship between learning and development. 
That is, learning depends on develojaient but developoent ta not 
affected by learning. Therefore- instruction has no effect 
on development. This interpretation could be understood in two 
ways; one in terms of the rate of development and the other in 
terms of the course of development. Although Vygotsky implies that 
his theory differs from Piaget's on both counts, it appears ^ 
(based on the Genevans' taore recent work) that the theorie; differ 
only on the latter. If at ail. Due to the date of Vygotsky 's 
writings, bis comments about Piaget theory are necessarily 
based only on Piaget *s early work. Theref oV^^ his interpretations 
do not take into account Piaget 's distinction between operative 
and figurative learning. The first ^'s a close and bi-directional 
relationship wiltih ^leveiopment (Furth, 1969), while the second has 
the unidirectional o-elationship suggested by Vygotsky. If instruction 
succeeds in provoking or motivating operative learning it will 
necessarily have at least a short term effect on the rate of 
development (InheUer et al . , 197A; Sinclair, 1^3>i^ Bo^-^heorieo 
agree that the occurrence of this type of learning depends upon 
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the d«v«lop«eni:«l l«vel alrwidy reached by th« child. Cott»id«r 

tb« followitxg stateaents by Vygotskyi 

With a«»i«tance, every child can. do aore than he can by hl»- 
ai^f— though only within the limit* set by the state, of 
his development. ... It remains necessary to determine 
the lowest threshold at^whicb instruction in, say, 
arithmetic may begin since a certain minimal ripeness 

of functions is required (Vygotsky, 1962, pp. 103, 104). 

* 

A well known and empirically established fact is that 

learning should be matched in some manner with the 

child *s developmental level (Vygotsky, 1978, p. 85). 
These comments imply substantial agreement with Piaget*8 theory. 
FurtheraK>re, the zone of proximal development proposed by Vygotsky 

* . 

corresponds in many ways to the "zone of assimilations" described 
by Piaget (1974) and to his "zone of optimal interest" (Furth, 
1969) . It appears then that there is substantial agreement between 
the theories on the relationship between learning and development, ^ 
at least where rate of development is concerned. 

With respect to the course of development the matter is 
/ less clear. If Vygotsky believed that instruction could in fact 
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alter the course or direction of ^evelopment, then J^is theory 
would differ in a fundamental way from Piaget 'a. PiSget*s theory 
depends upon teleological causes to explain development and thus 
development is believed to move inexorably through an invariant 
sie'quence to a predetermined goal. Instruction would not alter its 
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cour««. Unfortunately Vygotsky'e position on this issue is not 
clesr froa the trshsXsted works so « resolution of this question 
is not possible, 

rue to the unique orientstion of Soviet psychology, end the 
existence of only efew trenslated works, severel questions ebout 
Vygotsky^s theory need to be answered before its iaplicetioos 
for instruction c«n be tested eapiricelly. Therefore, its relevance 
for the present study was not. in providing develojwental measures, 
prescribing instructional procedures, or suggesting so»e form 
of task analysis. Rather, the usefulness of Vygotsky'a theory 
lies in its identification ao^ description of several Important 
ideas. Most relevant for this study is Vygotsky's t«>tion of 
the zone of proximal development. As a description of children's 
ability to benefit from instruction given their level of cognitive 
development, it is the exact theoretical construct which wias 
investigated here. In many ways this study can be viewed as a 
careful, empirical examination of the zone of proximal development. 
Vygocsky*8 theory therefore serves to define and bring into focus 
some of the central ideas in this study. 
Gagnl's Theory 

lieaming theories based on behavioristic (or mechanistic) 
principles have played a major role in American psychology. The 
relationship between learning and development is viewed quite 
differently by these theories than by the developmental theories of 
Fiaget or Pascual-Leone, For Piaget, learning is a function of ? 

bit . 

r 



f 

th« cogoitiv* developowntsl l«y«l o£.tii« child. Ho*t Iwrnlng 
^li«orle«, on the other head, «aiuae the existence of ekill hierarditee 
«iid\»uggc«t thet leeruing i* « function of the ecquieition of eeperete 
fckillV CBeiXia, 1976). U«min« i« Mt con»tT«in«<J develop- 
«entel level of the child, only by the ebeence of prerequieite 
•kille, ' * 

^ The, theory of Gegnc (1974, 1977) repreecnte a learning theory 
applied to instructional contexts and so provided the icaming 
theory model for this investigation. In Gagne's theory, development 
is important only because it represents an increasing accuaulation 
of learning experiences. It is not the developmental level 
Cin the Piagetian sense) which affects the child's ability ^o 
aaster a novel tank, but rather the achievefflent of essential 
prerequisite skills. •'Developmental readiness for learning any 
new intellectual skill is conceiv^ as the presence of pertain 
relevant aubord in.it e intellectual skills" (Gagne, 1977, p. 145). 
Consequently, the increased intellectual power exhibited b^ develop- 
ing h^ntan beings reaults from the cuoulative effects of learning. 
That is, with thf accumulation of learning comes an increase in 
the likelihood that the Subordinate skills for a specific problem 
will already havt^ been mastered . 

For Gagne, these cumulative effects of learning do not include 

k 

^qualitative chan>;cs in the learning processes themselves. Although 
different types c»f learning are hypothesised ,» all higher , forms 
are reducible to combinations of lower forms. Achievement of 
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th« higher f onu i« again a sattt r of nMWtaring the, prpra^uiaite 
lower foraa. Conaequeatly, chUdren'a learning in iaattuctlonai 
situations ie no| li«lt«d by ii«Mture or inct^lete learning 

procaeaea. \ 

Gagnl'a theory haa bean widely ap^plied to instructional 
aettings. Application of his theory haa b«en baaed primarily on 
the concept of ♦•learning hierarchy." Gagnc auggeata that achool 
learning is directed toward the acquisition of^ an organised set 
of intellectual skills. These skills, he says, are "relkted 
to each other in the psychological sense that the learning of 
soae are prerequisite to the learning of others" (Gagne, 1977, 
p. 142). This organization of dependency relationships may b* 
represented as a learning hierarchy. 

The learning hierarchy of an instruc^tsnal objective xsay 
be constructed by logically Sjiaiyzing the tenainal objective in 
teras of what skills are required to reach that, objective. In 
iterative fashion the question "what would one have to know to 
do that?" generates a nap of the individual skills required for 
aastery and their subordinate/su^erordinate relationships. Moving 
from the lower nubordinatc skills to the higher skills "describes 
an on-the-average efficient route to the attainment of an organized 
set of intellectual skills which represents 'understanding^ 
of a topic" (Gagnl, 1977, p. U3) . 

rhe approach of this study was to control for the learning 
variables described by Gagne, rather than to investigate their 
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iBportance by systeaatically osslpulatlog thca. 4 logical cask 
«Qalyiis vafi carried out for each instructional objactiva. Thia 
apacif ied tha prerequinite «kilXt and background knovladga raquired 
to ttaater aach objective. A hoaoganaous aaaple waa aalactad vitb 
respect to prior achievement of these skiXla.. Assuming an 
appropriate hierarchy^ skills vam identified, dif farancaa «ln 
performance over the instructional sequence «sre interprets to result 
froo factors other than differences in prerequisite skills or 
knowledge. If children having a similar knowledge base of linear 
measurement differ in their ability to benefit from instruction on 
linear measurement, this difference can be attributed to something 
other than the presence or absence of prerequisite skills. It might 
rather be attributed to differences in cognitive developmental 
abilities . 

Summary ^ 4 ' 

The specific purpose of the current study was to describe in 
detail the effect of several cognitive developmental ^variables 
on children's ability to learn certain linear measurement concepts. 
Within a broader context, this study can be viewed as an investigation 
of the effect of development on learning. The purpose of this 
• chapter was to place the present study in this larger context ( 
by reviewing several theoretical positions on the relationship 
between learning and development. While many theories address 
this issue, the four theories discussed here were selected for 
their particular relevance and potential contribution to the 

/ 
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present study. 

It mist be resenbered that this investigation did not 
represent a test of any of these four thebries. In fact »any of 
the Issues discussed in this chapter relating to oechanistic/ 
organismic distinctions arise itom fundamental assumptions and 
are not subject to empirical test (Reese & Overton, 1970). What 
the study did represent, however, was a test of several implications 
of these theories for mathematics education. In particular, it 
was a test of the "tradition" in the Popper ian sense (Popper, 1963) 

r 

■ that children's level of cognitive development affects their 
ability to ieam mathematics in an instructional context. 



Chapter III 
SEVIEtf OF KESEARCU 

■ \ 

Introduction 

In testing several jjotcntial links between' Cognitive develop- 
went and nathematics contact for instmctlon, the current study 
lies in tne interface between psychology, and education. Conse- 
ciuently it relates, at least indirectly, to taany areas of research* 
in both of these disciplines. The intent of this ct^pter is 
to review only those studies which are directly relevant to this 
investigation. Four categories of research were identified which 
provide Important background information' and which serve to sharpeh 
the focus of this study. Empirical studies which fit at least 
one of these categories are included for review. 

The first category of research to be reviewed consists of 
correlational studies which considered the relationship between 
cognitive development and aiatheaatics learning. Mo8| of these 
studies correlated performance on Plagetian tasks with general 
measures of mathematics learning, usually school achievement. 
The second category of research includes training studies or 
teaching experiments which investigated the effect of children's 
level of cognitive development on their ability to learn certain 
logical or mathematical concepts through instruction. A major 
difference between studies in the first category and those in ' 
this category is one of status versus intervention. Whereas ^ 
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the correlotioMl itudiM related d«velopxa«atal level end mat^heaetice 
ki»owledge at m given poiat In tlae, or efter e period of general 
eclMXjl instruction, the training etudiee Included an instruction 
or training procedure and related the ef fect|^ of inatrtiction with 
children's initial dcvelopwmtal level. Studies of the; second type 
provide the most relevant data with regard to the question of 
learning and developacnt, the general issue which underlies 
this investigation. 

The third and fourth categories of research deal specifically 
with Bieasurcment concepts. Studies included in the third category 
are those which investigated the relationship between children's 
knowledge of fundamental measurement concepts and their level 
of development. Like the studies in the first category, these 
are primarily status studies. Most employed cross-sect ional 
procedures to reveal significant developmental relationships. 
The final category of research is made up of those studies which 
were specifically designed to teach concepts of measurement to 
young chilUren. Although Some of the studies to be reviewed 
here could have been placed in the second category, their direct 
concern with measurement content Justifies treating them separately. 
These studies indicate the types of measurement concepts young 
children arc able^^o learn through limited but direct instruction. 

4ro sunaaarize the outline of this chapter, the first two 
sections will review studies which considered the relationships 
between developmental abilities and the acquisition of various 
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«»thea«tlc»i aod logical coacepte, «ad th« »econd tw ••ctioa* 
will look at similar atudiaa which vara apecificaXly c'bacanUKi 
with aeaaurcwt concepta. Tha firat afi4 third aactioos conaiat of 
atatus itudiea whilt tha aacood and fourth acctibna conaiat of 

intervention studies. ~r 

Relatioaahip Between Developaantal L»vel and General^'Mathcnatica 
Learning 

Many investigators have taken a rather global approach in 
studying the relationship between cognitive developaent and achool 
mathesiaticB learning, A frequent technique is to siaply administer 
a battery of Piagetian tasks and a sc!k)oI achievement test, 
either concurrently or several aonths apart. Piagetian task 
performance is then used as a predictor of present, or future, 
learning success. A acre specific approach, which is es^^oyed 
by some regearchers, is to relate performance on certain Piagetian 
tasks (e.g., nussber conservation) with achievement in specific 
areas of the mathematics curricultsa (e.g., addition and subtraction 
problems). Regardless of the approach, almost all of the studies 
in this area have u^ed Piagetian tasks as measures of cognitive 
developroent. 

A number of studies have investigated the relationship 
between Piagetian task performance and, arithmetic achievement at 
a given point in time. Kaminsky (1971) gave second- and third- 
grade children several Piagetian tasks, an arithmetic achievement 
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teBt» and «a XQ teat," A 9i$aUicvit correlation w«« fouai 
becmsi dev»lop»ent*l l.«v«l »fld mritteMtlc «chi«ve»«nt, «v«a vltfe 
IQ held constant. EigS« aad H«l»cm (19761 u««d two diffwrtot 
forma of a leugtli conaarvation taak with firat-grada childran. 
.Half of the children received a verbal form of the taak, and half 
received a nonverbal foro. Only perforaaace on the verbal taak 
vaa strongly correlated with aritbaetic achieveaent acorea, and 
thia correlation vaa higher than that between XQ and arithmetic 
acbieveacnt. Bohr (1973) acteiniatered aever^l conaervation taaka 
and a jaathenatics achievement teat to third-grade student a. Con- 
aervation performance waa aignificsntly related to achievement, 
with the highest correlationa found for the more advanced conaervation 
taaka, Cethcart (1974) and DcVriea (1974) found leai) correlation 
than the previous atudiea between Piagetian task performance and 
school arithmetic achievement. Cat heart gave second-grade 
students an arithmetic achievement test and several conservation 
teaks. Significant correlations were found between these measures 
in the second-grade but not in the third-grade. The nonsignificant 
results with the older sample may have been due to ceiling effects 
on the conservation. tasks. The sample in DeVries' (1974) study 
consisted of bright, average, and mildly retarded children, ages 
5-7 years. All children received a comprehensive battery of 
Piagetian tasks and a standardized achievement test. Correlations 

4 

did not reach significance in most areas, with a particularly 
low correlation reported between nuaber conservation and the 
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•rlthaetic achievmnt »ubte«t. lnt«rpr«titloB» of >thei« r««uXt» 
must be made with soma cmution due to the unique i$mpU wbich 
included mentally retarded »ubj«ct«. 

Several studies have used Piagetiaa taak performance as a 
readiness measure and have tested its usefulness in predicting, 
learning success over an extended period of time.. Smith (1974) 
compared performance on Piagetian tasks with traditional indices 
(e.g.. teacher judgeaents) for predicting end-of-the-year achieve- 
ment. Using first-grade students. Smith found that the best 
predictor of aritWtic achievement was performance on the 
number component of the Piagetian battery. High correlations 
between Piagetian task performance and first-grade children's 
later achievsment have also been reported by Nelson (1970). 
Both a group and an individual test o#ouiaber and length conservation 
were significantly correlated with an arithmetic achievement test 
given several months later. 

Several studies have demonstrated that these positive correla- 
tions between Piagetlan^task performance and later arithmetic 
achievement exist over an extended period of time. For example, 
Dimitrovsky and Aimy (1975).. Dodwell (1961), and Kaufman and 
Kaufman (1972) found that kindergarten children's conservation 
ability was highly correlated with their arithmetic achievement 
at the end of first grade; Lunzer, Dolan, and Wilk^ son (1976) 
reported that Piagetian task performance in first grade was a 
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good predictor of arithmetic achievement in second grade; and 
Freyberg (1966) found that using performance on a Piagetian 
concept test at ages 5-7 significantly increased the accuracy 
of using mental age alone in predicting arithmetic achiev^ent 
tViO years later. In an extended longitudinal study, Bearison 
(1975) followed kindergarten cixildren over a four-year t)eriod 
to investigate the relationship between conservation ability in 
kindergarten with arithmetic achf evemenC- in third grade. Some 
of the subjects had been trained to conserve liquid quantity in 
kindergarten, some were already natural conservers, and some 
were nonconservers (see Bearison. 1969). Results showed that 
early spontaneous conservation was significantly correlated with 
arithmetic achievement but trained conservation was not. Children 
who had been trained to conserve in kindergarten did not do better- 
in third grade arithmetic achievement than their later conserving 
peers'. Bearison (1975) concludes that some benefit results from 
being able to assimilate school instruction at a higl r developmental 
level (as evidenced by the high achievement of the early conservers), 
?.it this benefit cannot be induced by tarly training in specific 
developmental concepts. 

A series of investigators have considered the relationship 
between particular developmental abilities and children's 
facility with specific mathematical skills or concepts. Steffe (1970) 
and LeBlanc (Kote 4) observed first-grade children's addition and 
^btraction skills respectively, and their relationship to number 
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conservation ability. Both Jouucf that conservation performance 

f ^ 
was a significant predictor of arithmetic skill, with Itw con- 
servation scores associated with especially poor arithme .ic scores.- . 

-teBlanc also reported that nuaber conservation was a bet! er predictor- 

*■ 

of subtraction skill than was IQ. Sohns (1974), on the other 

r 

h*and, found only a few significant - correlations between number 
'coitservation and the subtraction sifills of first-, second-, and 

! 

third-grade children. The fact thi^^'ese significant correlations 
occurred for only certain types of problems suggests that slightly 
different skills or concepts may make different demands on various 
developmental abilities. 

Several studies have considered the relationship between 
perforaance on Piaget^s class inclusion feask and various arithmetic 
abilities. Howie tt (1974) tested first-grade children, who had 
mastered the relevant number fact m verbal and written missing 
addend problems. Class inclusion performance was significantly^ 
related to scores on the missing addend test , and evidence from 
several individual interviews indicated that children at different 

stages of class inclusion ability used different processes to 

v 

solve the problatnri , Two investigators found, less of a relationship 
between class inclusion ability and mathematical concepts. Dodwell 
(1962) reported no clear relation between class inclusion and 
fundamental number concepts in 5^8 year old children, and Sohns 
(1974) found no significant correlations between class inclusion 
and subtraction abilities of first-, second-, and third-grade children* 

7y 



/ 



ERIC 



■ . 57 

S.tnwnary . Several conclusions emerge froo the studies reviewed 
in this section. T^xst, level of cognitive developtaent as measured 
by performance on Piagetian tasks is significantly related^ to v 
arithmetic achievement. This, relationship ^s aaiatained «vea 
when IQ is 1ieid constant. Second, developmental level, particularly 
conservation ability, is & good predictor of arithmetic achievement 
up to one, twc^Oand even four years later. Developmental level 
is generally a better predictor than IQ, and when used with IQ 
significantly increases the predictability compared with IQ ^ 
ust-d" alone. Furthermore, the benefit of early conservation appears 
to be a rruly developmental one, i.e., it cannot be induced by 
specific training. Third, it is difficult to tease out the 
relationships between particular developmental abilities ^d 
specific mathematical concepts. Although there is some evidence 
that number conservation is related to certain arithmetic operations, 
this relationship may depend upon the particular arithmetic task. 
Different tasks may make substantially different demands on 
number conservation ability. The same thing can apparently be 
said for arithmetic operations and class inclusion ability. 

The positive correlations. found in most of these studies 
indicate -that a rei^ionship does exist between level of development 
and ability to benefit from instruction, but they provide little 
insight into the reason for this relationship. High correlations 
do not imply causal relations. They do not indicate that 
developmental abilities are prerequisites for learning arithmetic 
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concepts. The basic question is still whether certain dcyelopicental 

abilities are require to learn specific mathcfiiatical concepts. 

The studies to be reviewed in the next sectioft deal with this question 

wore directly by instructing children on particular concepts and 

relating learning success to initial developiaental level. 

« 

Level of Cognitive Development ar . Learning Ihrough Instruction 
The second category of resjarch to be reviewed consists of 
training studies or teaching cxperiiaents which considered directly 
the effects of children's developmental level on their ability 
to learn certain mathematical or logical concepts. Three sub- 
categories of research can be identified here. The first two 

f 

coasist of studies concerned with learning and development in 
general, while' the third focuses specifically on matheioatics 
learning. Studies in the first sub-category were conducted within 
a Piagetian framework and dealt with training children to acquire 
Iqgical concepts which are often considered developiaental themselves* 
These studies are usually discussed within the Piagetian training 
literature and are viewed as attempts to accelerate development. 
However their unique feature is their direct concern with the 
effect of initial developmental level on children's ability to 
make use of instruction or training. 

The second sub-category o^ research fails within an information 
processing framework and consists of a few recent studies which 
have investigated the effect of children's information processing 
capacity on^heir ability to learn various skills and concepts. 



Like those in the first Hufa-category"» these studies were concerned 
with general questions of lemming and development." The difference 
is ttiEt in these studies > developsient was described in terms of 
infonaation processing capacity rather than logical reasoning 
ability. Furthenaore, while the studies in the first sub-category 
examined how well children were able to leazti certain Piagetian*" 
concepts y the studies in this s^b-category considered children's 
ability to master specially designed information processing tasks. 

Studies in the third sub-category dealt with the effect of 
development on children's ability to learn mathematics concepts. 
These studies differ from the previous ones in the type of criteria 
tasks employed. While many of the studies in the first two sub- 
categories used laboratory type learning tasks, those in this 
section used tasks drawn from school mathematics curricula. 

All of these studies were conducted using Fiagetian constructs of 

r 

development.^ 

The potential fourth sub-category of research and the remaining 
cell of the matrix wuld consist of studies which relate information 
processing capacity to mathematics learning. At present this cell 
is empty; no studies exifet which have carefully examined the effect 
of information procesfsing capacity on children's ability to leaxm 
specific mathematical concepts. An important contribution of 
the present study is the initial data it provides on this 
relationship. 
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,^€iBinfi .^^-•"'JS*'^^*''" <*ont*0i^r)». Tli*? (nt«»nt t^f thim mPt^t irw im 

no^ to review the large number of training studies which have 
attempted to improve children's performance on various Piagetian 
operations. Reviews of these studies exist elsewhere (see Beilin, 
1971; Brainerd, 1973; Strauss, 1972); and as Brainerd (1977) . 
points out, most of these studies provide little valid information 
on the relationship between learning and development since most 
do not assess children's initial developmental level independent of 
their performance on the criteria tasks. There is , however , one' ^ 
general conclusion which emerges from this research which is \ 
important for this study. Training, of whatever kind, is not 
successful with very young children, i.e., a minimum, level of 
development seems to be required for children to benefit from 
training. As Beiiin (1971) notes after a comprehensive review 
of tvaining research, "No logical or mathematical learning is likely 
to occur, at least without great difficulty and tenuousness, if 
the concepts to be learned are far beyond the operational level 
of the child's available cognitions" (p. 117). 

Evidence that developmental level significantly affects 
learning comes from a nuisber of studies which have instructed 
children of different developmental levels on certain logical 
reasoning tasks. Several studies have focused on the ability of 
children' of different ages to learn formal operational concepts 
(Danner & Day, 1977i Ervin, 1960; Lovell, 1961). The investigators 
uniformly found that older children learned more than younger 
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children, whether age was iseasured in mental years (Ervio, 1960) 
or chronological years (Datmer & Day, 1977). This was true even 
when prerequiaite toowledge was controlled (Ervin, 1960). Further- 
more, instruction was found to be of little value for the younger 
subjects, presumably because they had iiot yet attained a required 
level of developaental coa^etcnce and did uot have available the 
appropriate cognitive operations (Banner & Day, 1977; Lovell , 1961). 
Similar conclusions were reached by Voyat (1973) after finding 
differential effects of instruction on a concrete operational 
concept with cltildren of different developmental levels. 

Although it may be safe to conclude from these studies that 
children's level of cognitive develcpoent constrains their ability 
to learn logical concepts, the studies suffer from a basic limitation. 
Equating development with age means that the concept of development 
is defined ambiguously and developmental level is measured imprecisely 
Different chilUren develop at different rates and consequently have 
certain cognitive operaticns available at different ages. The 
use of age as a measure of development ignores this ^ct and provides 
little information on the specific developmental competencies which 
may affect children's ability to learn particular logical or 
matheciatical concepts. 

One set oi studies which was directed toward clarifying the 
nature of theso developmental constraints was conducted by the 
Genevans (Inht^Uer et al., 1974). These training studies focused 
on the isechani;:ms responsible for progression from one developmental 



stage to the next. Piaget*8 theory suggests t^hat the primary 
XBCchanism by which development proceeds is equilibration, or the 
resolution of cognitive conflict (Pisget. 1971a). Children apply 
different strategies to solve similir problems, recognize the conflict 
of their various solutions, and spontaneously resolve this conflict 
by constructing higher-order strategies. Cognitive conflict is 
often created when an already existing mental structure is applied 
in a less familiar domain: Theoretically, development constrains 
this process by determining the availability of mental structures 
which can operate in novel domains. 

The studies reported by^Inhelder et al. (1974) were designed 
to investigate this hypothesis by examining how one mental structure 
or operation might affect the development of another. One study 
has -particular importance for the present investigation. In 
this study the authors attempted to identify the mechanisms that 
lead' to the development of length conservation. The hypothesis 
was that, since number conservation is often acquired two to three 
years earlier than length conservation, development of the latter 
could be facilitated by exercises in which numerical operations 
could be used to evaluate length. 

Working with a sample of number conservsrs/ length non- 
conservers, ages five through seven, Inh^lder et al. (1974) 
presented a series of three length activities. All tasks were 
given to all children individu:illy during three brief sessions. 
Results or/a length conservaticn posttest showed that most of 



the children Improved their perfonaance fron the pretest. These 
results are interpreted by the Genevans as sup^rt for their 
belief that the acquisition of on« logical concept or operation 
depends upon the existence of oth«r related operations. IThe 
tasks in this study were presumed to elicit tvo types of strategies, 
one arising froxa the child *s number conservation ability (an already 
acquired operation) and the other from tjiie child's immature concept 
of length. These strategies, being incompatible, were presumably 
resolved by the child during /the course of the training resulting 
in improved length conservation performance. The Genevans suggest 
that these results show development to be an important precondition 
for learning. 

In a re-exacxination of this question. Carpenter and Hiebert 
(Note 2) replicated Inhelder at al.*s (1974) study with several 
important modifications. Both number conservers and lumber non- 
conservers were included in the sample of kindergarten children. 
In addition, an equal number of children were randomly ^'sTgned^' ^ 
to one of tvo treatments. The first treatment included those tasks 
in which number strategies were frequently applied, and the second 
treatment consisted of the remaining activities. Consistent with 
Inhelder et al.^s (1974) procedure, children were asked to complete 
the tasks but were given no feedback on the correctness of their 
solutions. The children who improved their length conservation 
performance on the posttest were about equally divided between 



number cftnservers and nonconeervers , and between treatment I 
and treatment II children. Carpenter and Hiebert conclude that 
number operations do not play the critical role described by 
the Genevans in acquiring length conservation. Furthcnaore, 
children seemed to benefit from the measurement-like activities 
even though they could not conserve length or number. Based 
on these results the authors concur with Carpenter's (1976> 
hypothesis that some children may benefit from instruction in 
measurement which appears to be beyond their level of cognitive 

development . | 

Summary . The evidence provided by these studies suggests • 
that initial developmental level has some effect on children's 
ability to acquire a particular logical concept via instruction. 
Children at a higher developmental level usually benefit more 
from the instruction than those at a lower level. Much of the 
evidence for this conclusion, however, comes from studies which 
have used gross measures of development such as chronological 
age. Consequently it is Impossible to isolate the particular 
developmental abilities which limit children's performance with 
respect to a specific logical concept. Although Inhelder et al. 
(1974) defined and measured development more precisely, their 
failure to include children of different developmental levels 
restricts the generalizability of their results. Furthermore, 
the evidence collected by Carpenter and Hiebert (Note 2) suggests 
that the explanation provided by the Genevans for developmental 



constraints on learning ia inadequate. Finally, although developoent 
seems to taake a difference, it i« not clear vhat minimum develop- 
mental level is required to benefit from instruction on a given 
concept:. What is needed at this point in order to clarify these 
issues are studies vhich select a concept for instruction, 
identify logically related developmental abilities, and instruct 
children of sevet«l different levels with respect to these abilities. 
The present investigation represented a study of this kind. 

Information processing capacity and learning potential . 
Several studies have recently been conducted to examine the effect 
of information. processing capacity on children's learning potential. 
Host of these stem from Pascuai-Leone ' s information processing 
theory. The theory postulates an upper bound on learning established 
by the child's present level of development. Learning may 
improve performar.ee on certain' tasks but it is theoretically 
unable to remove the basic constraint imposed by cognitive develop- 
ment, i.e., limited information processing capacity. Case (1974a) 
summarizes this view: 

According to Pascual-Leone's neo-Flagetian theor>' of 
development, a subject's performance on any given cognitive 
task is a function of three parameters: the mental strategy 
with which he approaches the task, the demand which the 
strategy puts on his mental capacity (its M-demand), and 
the mental capacity which he has available (his M-space) . 



Specific learning experiences are assuoed to be 
capable of improving a subject's performance oa- 
the task by providing him with a more sophisticated 
mental strategy for executing it» or in Cjertalfi 
instances, by decrc^asins the M-diaaand of the strategy 
which he applies spontaneously. However , specific 
learning experiences are assumed to be incapable 
of increasing the size of a subject's M-space (?• 
Studies which have empirically tested these hypotheses have 
used specially designed learning tasks for which it was possible 
to identify the solution strategies which the subjects had 
available and to determine the specific strategy with which 
they approached the task. Given this infortaation, along with 
the subject's M-space, it is theoretically possible to predict 
whether a given child will be able to learn the task in question. 

Several studies have used age as a measure of M-space to 
investigate the constraints imposed by this parameter. Parkinson 
C1975) used a specially design. ^d "Concept Atti-inment Scoob Task" 
with 5, 7, 9, and 11 year olds. All subjects were trained to 
mastery on the prerequisite skills or component schemes of a 
successful solution strategy. The learning task was then presented 
as a series of trials with feedback provided on the correctness of 
each response. The M-dcmand of the task was systematically altered 
within each age group. Results confirmed that children could 
learn to perform successfully only the task forms which had an 
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H-demand within their rsoge, 

C«se <1974b) used a version of Piaget*s bending rods task 
with 6 and 8 year old children. All acheaes required for solution. 

m 

cxr.ept one, wera assumed to be available to the subjects. This 
schexae, a "cot^trol of variables" strategy, vas taught to half 
the subjects of each age. Hypotheses were: 1) 6 year olds would 
not master the task since the M-demand of the task, even with all 
schemes available, exceeded their M-space; 2) all 8 year olds 
who had received training would ptfss the task since they had 
^ available all required schemes and- a sufficient M-space; 3) some 

8 year olds that had not received training would fail the task 
since they lacked a scheme required for solution. The results 
: . confirmed these hypotheses • 

Equating age with M-apace, although tporetically appropriate, 
is empirically problematic. Recent work (Lawson, 1976; Carpenter 
& Hlebert, Note 5) using other measures of M-space, such as backward 
digit span, has shown that M-space is not perfectly predictable 
from age. Furthermore, the use of age as a measure of K-space 
makes it impossible to check whether specific learning experiences 
are, in fact, "incapable of increasing the size of a subject's 
M-space" (Case, 1974rt, p. 382). It is possible that children's 
improved performance on the learning tasks resulted from a 
growth in H-space rj.ther than a change in the repertoire of schemes. 

Some evidence that the backward digit span task effectively 
measures children's learning potential has been reported by Case 
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(1977). In this study the sa»ple con»ist«d of 5-8 year old 
children whose M-space was sacasured using a backward digit spaa , 
task. The learning task' was li|quid quantity conservation add 
the instruction was a cognitive conflict training procedure. 
The results of the training showed that ^if of the experimental 
group and none of the control group improved their conservation 
per f enhance. The improvement was highly ccjrrelated with initial 
M-space. Case concludes that cognitive conflict procedures 
effectively induce learning, but this effect is mediated by 
children's M-space, i.e.. by their ability to coordinate cues 
and perceive the conflict . 

A number of studies have focused on the other two "parameters" 
in Pascual-Leone's theory of learning, i.e., on the decrease in 
task M-deoand which results from learning more efficient solution 
strategies. Case (1974a) pretested 6, 8, and 10 year old subjects 
on a specially designed digit placement task. By identifying the 
solution strategy each subject used and analyzing the M-demand 
of the task when approached with these strategies, the initial 
performance of the subjects was found to match that predicted 
by their M-spade. Half of the children in each age group were 
then instructed on more efficient strategies which would reduce 
the H-demand of the task by a determined amount. After instruction, 
the performance of the control children had not changed (i.e., 
there were no retestlng effects) but the performance of the 
instructed children had improved by the predicted amount. 



Case (1972a) investigated the. effect of «n experimental 
kindergarten program on children's ability to master special verbal 
classification and gestural classification tasks. These tasks 
were analyzed in terms of the schemes which ttust be coordinated 
for solution. The. Instruction program was designed to teach each 
of the separate schemes to an acceptable level of mastery. 
The results showed, as predicted i that the performance of the 
experimental children on the post-instruction tasks was eciual to 

the performance uf fourth^grade cpntrol children on the verbal 

-J 

tasks, and second-grade control children on the gestural tasp. 

\ 

\ 

Case concludes that the instruction allowed the subjects to <^onstruct 
new schemes essential for task solution, reduced the M-demand of 
the task, and thereby improved performance relative to a control 
group of kindergarten children. However this learning was subject 
to a predictable upper bound defined by the initial M-space of 
the subjects and th? M-demands of the tasks after instruction. 

A study by Whimbey and Ryan\l969) , although conducted outsl le 
of Pascual'-Leone^s theoretical framework, also demonstrated itie 
effect of improved solution strategies. The topic under investiga- 
tion was the role of short-term mc^nofy (a si^^nif icant component 
of M-space) in college .-students ' ability to learn syllogistic 
reasoning problems. Significant correlations were found on pretests 
of digit span and the reasoning problems. However after training 
in syllogistic reasoning the correlations dlsajjpeared. The authors 
conclude that training provided subjects with automated skills 
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vhich brought the short-term ^ttaory desaand of the task within 
all subjects' capabilities. 

Suscaary. Two conclusions can be drawn from the information 
processing studies reviewed in this section.) First, instruction , 
designed to improvg^ildr en ' s efficiency in information processing 
can improve children's performance on various kinds of tasks. 
Second, the amount or complexity of this learning is often constrained 
by children's M-space or information processing capacity. For 
specially designed tasks the nature of these constraints can be 
predicted with impressive accuracy. However it is still not clear 
how information processing capacity contrains learning in more 
natural and more complex school instruction contexts. The problem, 
as noted in Chapter II, is that it is not always possible to analyze, 
a priori, a complex learning Xasla in the same way a child would 
and to identify all the relevant schemes which the child brings 
to the task. This make^i it difficult to specify the information 
processing or M-demand of a given task, which is a necessary step 
in relating children's M-capacity to their ability to learn the task. 

In spite of these problems. Case (197Sa, 1978b) has reported 
several successful attempts to apply principles of the M-space 
construct in instructional settings. These were basically pilot 
efforts designed to test the effectiveness of various instruction 
procedures in reducing M-demands of ti\e learning tasks. However, 
no attempt was made to control for prerequisite- know! edge or to 
relate learning success to M-space. What is needed at this point 



is aa empirical test of the effect of M-space capacity on children's 
ability to learn a complex and school-related mathematics task. 
The present study represented an exploratory test of this kind. 

Teaching mathematical concepts « A number of studies have 
investigated the effect of children's level of development on their 
ability to learn mathematical concepts or skills. Since the content 
of learning in these studies is taken from school curricula, the 
information they provide constitutes the most direct evidence 
available on the relationship between cognitive development and 
ability to learn school mathematics content through instruction. 
As noted previously, all of these studies have been conducted 
within a Piagetian framework. 

Several investigators have used chronological age as a measure 
of cognitive development and have found that older children learn 
ifiore than younger children, with a certain minimum age apparently 
required to benefit from instruction. Carr (1971) tested three 
groups of kindergarten children on various number concepts. One 
group had received two years of preschool training, including 
instruction on number, the second gx;pup had received one year, and 
the third group had received none. Performance was low and results 
showed no significant between-group differences on num^r skiJ.ls. 
Carr concludes tha:: arithmotic instruction, of the kind^o^ered 
here, is not effective or meaningful until the child has achieved 
a cognitive developmental level of "number readiness'* and has 
available the necessary mental ^^perations. 



Loveil <1971a, 1971b, ISTlc) reports on a series of studies 
^icb investigated how well secondary school stxideats were able 
to learn taatheaatlcal concepts such as function, proof, and 
probability. The details of the subject characteristics, experimen- 
tal design, and the nature of the instruction are incomplete, - 
but the results of all studies showed a positive correl4tion 
between performance and chronological age. Loveil concludes 
that the relationship Isetween performance and age indicates that 
certain developmental abilities are required for students to 
benefit from mathematics instruction. 

Limitations associated with the use of chronological age 
as a measure of development have been discussed previously. 
Since the subjects in the studies by Carr (1971) and Loveil (1971a, 
197ib, 1971c) were not tested for the specific developmental 
abilities believed to be required on the maihejaatical tasks, 
the results only indicate that chronological age, with its many 
experiential ^ad maturational factors, has an effect on ability 
to learn mathematics. M^e precise interpretations are desirable 
but unwarranted. , 

Mental age has also been used as a measure of cognitive 
development. Washburne (1939) directed a series of studies which 
attraipted to identify the mental age required to learn various 
, school arithmetic topics. The assumption vas that a certain mental 
age is most appropriate for learning a given concept. Instruction 
bef^ore this level is reached will be relatively inefficient and 
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nonproductive. In order to identify these "optiswm" levels for 

each topic, a series of studies was conducted over a 10-ycmr 

period, involving a large nuasber of eleaentary school teachers 

and students. The g^eral procedure in aU studies was the following 

A pretest was administered to measure the students* nental age and 

their knowledge of the topic to be instructed. Instruction was 

then provided, over several days or weeks, on a specific arithmetic 

topic. Achievement was measured by a retention test given six ^ 

weeks later. Average retention scores were plotted for subjects 

at each mental age. In most cases, the curves obtained rose 

steadily with an increase in mental age, reached a critical 

point, and flattened out. mental age associated with this 

" critical point was interpreted as the optimal level of development 

I 

for instruction on the given topic. 

Although the intent of these studies falls *within the domain 
of the present investigation, several conceptuai\a£id methodological 
differences reduce the relevance of their findings. < A fundamental 
^fference is the use of mental age as a measure of development. 
The problem is that mental age is a psychometric, rather than 
theoretic, measure of development (see Elkind, 1971). Although 
correlations were found between mental age and ability to learn 
arithmetic concepts or skills, no hypotheses can be advanced which 
might explicate this relationship. There is nothing s^cifically 
about mental age that is logically tied to arithmetic skills on 
the one hand, and cognitive development on the other, to suggest 
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the reason for the relationship . It i« aia^ly an eapirieal 
relationship, and any other measure of developiaent might have 
served as veil provided it had the desired psycbonetric properties 
(e.g. / reliability, individual vai^tion» etc.). 

The laplication of this is that the results oust be interpreted 
quite narrowly. It is difficult (to -generalise to other Instructional 
settings which use different aethods, teach slightly different 
topics, or evaluate with different criteria. For example, since 
the results deal only with^^Ms4H£tyoC\§given topic taught in a 
given way, nothing can be said about the/\;ptiffiuia" mental age, 
at which to introduce a topic. Without knowing the specific 
developmental abilities which accounted for these relationships 
and their logical connections with the arithmetic topics, JLt is 
Impossible to determine how changes in the situational variables 
wopld affect the results. The intent of the current study was joot 
only to establish empirical relationships between developmental 
measures and learning performance but also to explicate these 
relationships within a theoretical context r 

ISeveral studies have been .designed to tease out the effect 
of parti '-.ular developmental abilities on learning specific mathemat- 
ical concepts. Using college students as subject^ Adi (1978) 
investigated. the relationship between developmental level as 
mea^^ed by a paper-and-pencil formal operations task and ability 
to learn certain related problem-solving processes. Subjects 
were classified by their performance on the formal operations ■ 



ERIC 



task into one of thrc« developmeatml levels from concrete 
to fonaal operational. All subjects received tlie mamt instruction 
on solving algebraic equations by two methods? 1) inverting or 
reversing the sequence of operations; and, 2) cottpeasating for 
an alteration on one side of the equation by similarly altaring 

e other side. It vas hypothesised that the method of inversions 
developiaentally precedes the method of compensations, and that 
differences between the groups in ability to learn the methods 
would appear on the compensation problems but not on the inversion 
problems. Results on an equation solving posttest partially 
confirmed the hypotheses. The higher develojsaental group performed 
significantly better than the lower group on both types of problems, 
but this difference was substantially greater on the compensation 
problems due to the relatively poor performance on these problems 
by the low developmental group. The author concludes that develoj^- 
ment is a factor in learning mathematical processes, and that 
its effect depends on the type of process to be learned. 

A study by Mpiangu and Gentile (1975) investigated the effect 
of number conservation on children's ability to learn certain 
arithmetic skills. Kindergarten children were pretested on an 
eight-item number conservation test and a four-part arithmetic 
test. *^ Problems on the arithmetic test involved numbers 0-10, 
and most of them required rotfc or point counting skills. (Rote 
counting consists of recitation of the counting numbers in correct 
sequence, either forward or backward; point counting involves 
setting up a one-one correspondence between the counting ntnabers 
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and a set of markers, and labeling the set vl|h the appropriate 
cardinal nuaber.) An equal auaber of children were randomly 
assigned to the experimental and the control group using & procedure 
to ensure equal distribution of number conservers and nonconservers . 
The experimental group received ten 2(Halnute arithmetic training 
sessions designed to instruct children on the pretest tasks. 
The control group received the sane amount of instruction on 
unrelated content. As expected, the results showed a aignificant 
main effect for treatment in favor of the experimental group. 
This effect was obtained using a regression analysis with arithmetic 
posttest scores regressed on number conservation pretest scores. 
The regression lines for the experimental ancf control group were 
casentially parallel, indicating that, although number nonconservers 
still performed lower than conservers, they had gained as much from 
instruction. The authors interpret this as strong evidence 
that conservation*. 1) does not affect children's ability to 
benefit from mathematics instruction; and, 2) is not a necessary 
condition for mathematical understanding, 

Steffe, Spikes, and Hir stein (Note 6) contested this conclusion 
after conducting a study which investigated wiiether two Piagetian 
constructs, cla^s inclusion and number conservation, were required 
f or young children to learn certain number concepts. Their first- 
graiie sample included an equal number ^f extensive quantifiers 
(conservers) and gross quantifiers (nonconservers). These 
classifications were made on the basis of a pseudo-consefTO^n 
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task in which subjects were required to judge the equality of 
two static and differently arranged sets of narkers. The 

experimental and control groups were foraed by placing half 
of the children of each quantification ability in each group. 
Both groups received about 40 hours of arith»etic Instruction over 
a three-ttonth period. The control group received conventional 
school instruction while the experimental group participated 
in specially designed activities on classifying, set partitioning, 
counting, solving addition and subtraction problems, and using 
hand-held calculators. Most of the activities were directed 
tc^ard improving the children's counting ability. 

After instruction all children were tested on 29 individual 
measures which weie clustered into seven achievement variables. 
Six of these assessed cianerical sV jch as working with 

cardinal and ordinal numbers, solving orally presented addition 
and subtraction problems with, and without, objects, and counting 
at the rote, point, and rational levels (rational counting is 
evidenced by coupting-on or counting-back to solve a numerical 
problem). The results of the study are complex and difficult 
to summarize. However several of the major findings are the 
following: a) expftrimental and control groups did not differ 
significantly on any of the achievement variables; b) number 
conservers performed significantly better than number nonconservers 
on those tasks which required rational counting; c) number 



conservation was not required to perform tasks solvable by rote 
counting; d) with special training, nuaber conservation was not 
required to perform tasks solvable by point counting? e) there 
was no evidence that class inclusion was a readiness variable 
for any of the numerical tasks. 

From their results the authors conclude that children who 
differed in their developmental abilities (number conservation 
or quantification) differed in the benefit they derived from 
instruction (of either type) . The learning experienced by the 
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number conservers was qualitatively different than that of the 
noaconservers. Number conservers were able to acquire rational 
counting skills and could apply them to a variety of problems. 
Nonconservers, on the other hand, demonstrated task specific 
learning and used rote and point counting procedures. The 
authors suggest that the conclusions of Mpiangu and Gentile (1975) 
suffer from overgeneralization. WhAe developmental abilities 
may not affect the learning of simple skills^based on physical 
knowledge (Piaget, 1964, 1970), they are important for learning 

skills based on logical-mathematical concepts. ^ 

SittTTwaT^ . The evidence reviewed in the preceding studies 
suggests that children's level of cognitive development does 
affect their ability to learn mathematical concepts. However these 
affects may be specific to certain developmental ability/mathematical 
concept dyads. For example," Mpiangu and Gentile (1975) found that 



children's perforaance oo a single dev«lopmentAl task does not 
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predict their learning potential in all oathexaatical situations^ 
Nonconservers could learn simple arithmetic skills. However 
Steffe et al.- (Note 6) demonstrated that a form of number con- 
servation is required to learn more advanced and logically- 
oriented arithmetic concepts. Furthermore, Adi (1978); showed 
that people with particular developmental abilities could learn 
related mathematical skills which were within their range of 
development, but were unable to learn skills beyond their develop- 
mental level. In summary, it appears that the constraining 
nature of development manifests itself through the limitations 
Inposed by the absence of particular developmental abilities 
on learning logically related mSathematical concepts. The present 
s^dy investigated this hypothesis. 

Relationship Between developmental Level and Knowledge o f Measure- 
ment Concepts 

The studies which are most relevant for the present investiga- 
tion are those, which have focused on children's learning of measure- 
ment concepts. As described briefly in Chapter I, th« content 
of instruction in this study was linear measurement. The objectives 
of the instruction lessons focused on the initial concepts of measure 
ment dealing with physical and symbolic methods of representation. 
In particular, the lessons dealt with comparing lengths using con-' 
tinuous, discrete, and numerical representatioi^s. Basic concepts 
of l,inear measurement which characterize ^hese representation 
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systeos, such as the additivity of length, and the Inverse or 
multiplicative relationship between unit sire and unit nuaber, 
formed an integral p»rt of the lessons. The measurement concepts 
of concern are, therefore, those which bridge the gap between 
prcmeasurement concepts, such as ' conservation and transitivity, 
and the measurement concepts of a well-developed mathiaaatical 
system (see Blakers, 1967). , 

Studies which have investigated the aciquisition of these 
concepts can be partitioned into two categories. The first 
category consists of status studies which are concerned with the 
relationships between developmental abilities and knowledge of 
measurement concepts at a given point in time. These studies 
will be reviewed in this section. The second category is made 
up of intervention studies ^ich consider the effects of specific 
instruction on children's learning of measurement concepts. 
These will be reviewed in the ne^ section. 

A nionber of studies have investigated the relationship 
between children's cognitive developmental abilities and their 
understanding various measurement concepts. Some of these 
studies have traced the development of these concepts, either 
cross-sect ionally or longitudinally, and some have considered 
the relationship between developmental abilities and measurement 
concepts at a single developmental level. All have been conducted 
within a Piagetian framework, i.e., the developmental abilities 
were defined in terms of Piagetian constructs such as conservation 
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And transitivity. 

The focus on Piaget's work is imderstandsble since Piaget 
and associates (Piaget et al., 1960) have proposed the nost complete 
theory of the development of measurement concepts in young children. 
From their perspective, oeasur^aent includes both prenumcrical 
aspects, where objects are compared on the basis of soae attribute 
(c.g.r length) without assigning number to the attribute, and 
numerical aspects introduced by unit iteration. In their studies, 
children, ages 3-12 years, were asked to carry out both types of 
measurement in clinical interview situations. Based on the results, 
Piaget et al. (1960) jaaintain that children's understanding of 
measurement develops in stagewise fashion and is closely interrelated 
with the development of conservation and transitivity. Three major 
stages are identified with respect to the development of length 
concepts. In the first stage children do not constrve length and 
cannot make transitive infei:ences. They are also incapable of 
using units to measure. Length is viewed only as a function or 
endpoints; polygonal or undulating paths between endpoints are 
ignored. By age 6-7 years most children reach the second major 
stage. They begin to recognize conse^ation arid transitivity in 
certain situations and they understand some properties of unit 
measure. For example, given congruent un^ts, they realize that 
the length measuring more units is longer, ^wever they fail 
to account for the size of the unit when noncongruent units are 
us^d. The final stage is marked by the achievement of unqualified 



nuaerical measur«aent. By age 8 or 9 year* children can conaerve 
length and reason transitively. Soon thereafter they attain 
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the final step in Piagetian laeasurement — jrfiey arc able to' iterate 
units and understand the inverse relationship between number of 
units and tflit size. « 

Fiaget et/al.*8 (1960) position on the relationship between 
conservation, transitivity, and taeasureaent is clear: "Coxiservation 
and transitivity are thus shown to be the first and essential 
conditions for complete [measurement]" (p. 123) Presumably 
length conservation and length transitivity are prerequisites 
for measuring length in a meaningful way. 

Further research has shown that, although Piaget et al.'s 
conclusion may not be incorrect, the relationships between 
conservation, transitivity, and measurement are more complex than 
the Genevsre' statement would indicate. For example, evidence 
from two studies suggests that conservation and measurement abilities 
may interact to each facilitate the development of the other, 
rather than conservation being required for ail measuring activity. 
The first is a study fcy T^oumis (1975) , who investigated the effect 
of measurement activities on conservation, and vice versa. Three 
area conservation tasks and two area measurement tasks were given 
to children ages 6-9 years. The children were randomly assigned 
to one of two presentation sequences, conservation-measurement 
or measurement-conservation. The results showed that in both cases 
children performed better on the second group of tasks. Taloumis 
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of mea^xre- 



concludes that area conservation does not necessarily precede 

area measurement, and that measurement activities may facilitate the 

w 

development of conservation. 

In reporting the results of a longitudinal study, Wohlwill 
(1970b) arrives at a similar conclusion but suggests a more complex 
relationship between conservation and measurement. The study in 
question investigated the developmental interrelationships between 
conservation and measurement concepts. Kindergarten and first- 
grade children were administered coriservation tasks of number, 
length and liquid quantity. They were also given a set 
ment tasks which required them to compare lengths by direct 
comparison, by using a physical representation, and by unit 
iteration. All tasks were administered two additional times over 
an 18-month period. Results Indicated that conservation and 
measurement were related in rather complex ways. No clea» or 
simple. pattern- emerged but the data suggested the following inter- 
relationship. The simpler measurement concepts are i^erstood 
prior to conservation, but the more advanced concept's (e.g., 
the unit number/unit size relationship) are acquired only after 
conservation is achieved. Wohlwill (1970b) suggests that in the 
early stages 'measurement activities may serve to direct children*s 
attention to the relevant attributes and may facilitate, rather 
than depend upon, the development of conservation. This conclusion 
is supported in a conservation training study by Bearison (1969). 
A number 'of studies provide a«4^itlonal insight into the types 



if 7 



of measuring behaviors which require conservation abilities 
and those which do not. Many of these studies have focused 
on the notion of unit and measuring by unit iteration. A sub- 
.stantial body of evidence collected by Carpenter (1975), Wagman (1975), 
and Bradbard (Note 7) using liquid quantity, area, and length 
contexts, respectively, suggests that children can and do make 
appropriate measurement judgments based on the number of units 
measured. 

Carpenter (1975) administered five types of liquid quantity 
problems to first- and second-grade students. One was a conserva- 
tion ta^k and the remaining four were measurement tasks which 
systematically varied the distinguishability of the comparative 
unit sizes employed, and the perceptual equality (or inequality) 
of the initial and final states of the two Ifljuid quantities. 
Results showed that almost all children recognized that more units 
implied more quantity, and most children maintained these measure- 
ment responses in the face of visually conflicting cues. "In fact, 
number was such a salient cue that there was no significant 
difference in difficulty between conservation problems, where the 
distracting cues were visual, and measurement problems, where the 
distracting cues were -numerical. 

Consistent with these findings are those reporte^ by Wagman , 
(1975). In order to study the development of area concepts iii 8, 
10. and 11 year old children, four fundamental axioms of area were 
initially identified from a mathematical analysis of area. These 
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included the additivity axiom, the area axiom (the unit measure 
of an area'^'^^iciue) , the congrueye axiom (tvo congruent areas 
measured with the same unit have equal measures), and the unit 
postulate (the measure of an- area can be derived from its length 
and width). Tasks were devised to measure an understanding of each 
axiom. Some tasks were given only to children who could conserve 
area while others were given to nonconservers as well as conservers. 
The results from the latter are those which are of interest for 
the current study. It was found that an understanding of the 
congruence axiom preceded conservation, while the additivity axiom 
and conservation developed concurrently. The first finding 
suggests that children were able to attend to the number of units 
in a unit measure before they could conserve. 

Similar results were also obtained by Bradbard (Note 7) 
in a length context. Bradbard tested first-, second-, and third- 
grade children using tasks of prenumerical liuear measurement, 
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numerical linear measurement, conservation of length, and transitivity. 
The results showed a stepwise progression in the development of length 
concepts similar to that described by Piaget et al. (1960). There 
Trere, however, some important differences between Bradbard 's results 
and those of Piaget et al. on the relationship between measurement 
and conservation and transitivity. The latter twq abilities were 

not found to be prerequisites for ei|gaging in measurement strategies 
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such as unit iteration. Some children who could not conserve or 
make transitive inferences could successfully measure by iterating 



units. , 

While it seems clear that conservation is not required to 
respond appropriately if congruent units are used (i.e., if th^ 
measures are defined by the number of units), there is some 
evidence to suggest that logical reasoning abilities like conserva- 
tion may te more heavily implicated in more complex measurement 
concepts, such as the coordination of unit number and unit size. 
It is certainly true that these concepts are more difficult for 
children to understand. In Carpenter's (1975) study with first- 
and second-grade children, only about half the children realized 
that the size of the unit affects the result, one-fourth understood 
the importance of using a constant units, of measure, and only 
a few were able to infer the Inverse relationship between unit 
size and unit number frois the measurement results. 

Bailey (1974) found that even third-grade children had 
difficulty applying the inverse relationship between unit number 
and unit size to evaluate length. 'Second- and third-grade children 
were asked to compare the lengths of two polygonal paths. The two 
paths consisted of unit segments which varied between paths in 
comparative size, or number, or both. Complete results are not 
'reported but apparently conservation and transitivity preceded the 
ability to coordinate unit number and unit size. 

Hatano and Ito (1965) suggest a distinction which may help 
to clarify this complex relationship between consewatlon and 
children *s measuring behav|or. In Investigating the development 
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of linear measurement concepts, they identified two basic types of 
measurement tasks. The first type "are those which require the 
application of a learned measuring technique, such as measuring 
length with a ruler. The second type are those which require 
logical inference, such as indirectly comparing the lengths of 
two objects measure-a with different-size units. In their study, 
Hatano and Ito (1965) administered several tasks of each type to 
first-, second-, and third-grade children. They found that the 
technique-based tasks were easier than, i.e., were perfQrmed 
prior to, the logical inference tasks." For example, most first- 
grade children could use a ruler to measure length and could attend 
to the number of units when iterating. But only about one-third 
of them could conserve, reason transitively, or coordinate unit 
number and unit size. These data, which are consistent with the 
results of the- studies just reviewed, suggest that conservation 
plays a very different role in different types of measuring skills. 
Conservation is clearly not required to count the number of units 
when measuring or to make use of numerical results to compare 
lengths. However it may be more closely tied to the acquisition 
of other measurement skills, such as coordinating unit number 

' and imift size. 

this hypothesis was supported by Carpenter and Lewis (1976) 
who explored the origins of chiliren's eventual understanding 
of the .inverse relationship between unit number and unit size. 
First- 4nd second-grade children were given two types of linear 



-and liquid oeasuremerit problems. In one type of prohiem. visually 
equal quantities were measured with differeitt size; units and children 
were asked to re-compare the quantities. Responding on the basis 
of number of units alone would lead to conservation-type errors. 
In the other problem, one of two equal quantities was measured 
with a visibly larger unit. Children were theji asked to"- predict 
how many smaller units it would take to measure the other quantity. 
Results showed that in both the linear and liquid contexts children 
performed significantly better on the prediction problems than 
on the comparison problem. Thp authors conclude that the notion of 
a compensating or inverse relationship between unit number and 
.unit size 'develops before it can be applied in measurement situations 
Thus, the development of this measurement concept ^appears to follow 
the same pattern as that of conservation, where the logical reason- 
ing ability is present before it can be applied in physical 
situations (see Halford, 1969). 

The mechanism which may account for the development of both 
concepts is described by Carpenter (1975). In this study cited 
earlier. Carpenter systematically varied the visual and numerical 
cues by which children might compare two measured quantities. The 
results showed that visual and numerical cues were equally salient. 
However children could attend to only one cue at a time. They 
appeared to focus their attention on a single dominant dimension 
and ignore other relevant dimensions. Carpenter concludes that 
the increasing ability of children to both measure and conserve 
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can be explained in terms of an increasing ability to decenter their 
attention and consider several dimensions simultaneously. The 
centrntion of young children jjresumably accounts for the difficulty 
they experience in coordinating unit size and unit number and 
recognizing the inverse relationship between the two. 

Only a few studies have investigated the relationship between 
transitive reasoning and children's ability to measure; and the 
results are even less conclusive than those involving conservation 
and measurement. Harris and Singleton (1978) conducted a series 
of experiments to investigate the role of transitive reasoning 
in children's measurement. Piaget et al. (1960) reported that 
young children were unable to make use of a middle ter§ when 
measuring because they lacked the ability to make transitive 
inferences. In order to test this conclusion Harris and Singleton 
modified Piaget et al.'s (1960) task of building towers and admin- 
istered it to 4 and 6 year old children. They found that even 4 
year old children built towers equal in height to a distant one 
by spontaneously copying the height of a nearer tower which they 
had been shown was equal. The authors conclude that young child««en 
can use a middle term to measure, i.e., they are not logically 
deficient. 

In order to determine why the children in Piaget et al.'s 
(1960) study had not exhibited this transitive reasoning behavior, 
Harris and Singleton (1978) ran two additional experiments with 
children ages 4 and 6 years. In the first, subjects were asked 
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to visually compare the height of several towers. While 6 year 
old's acknowledged the difficulty in comparing towers separated 
by some distance, most 4 year olds did not hesitate to make visually- 
based judgments. In the second experiment, children were asked to 
build the tower anywhere they pleased. Four year olds were content 
to build their towers in the orip:inal location while 6 year olds 
a«ved nearer the standard in order to make more accurate comparisons. 
The results of these two studies are interpreted -o mean that younger 
children have more confidence in their visual comparisons than 
older children. The authors conclude that the behavioral deficit of 
young children in measurement situations results from over-confidence 
in their visual skills rather than from the absence of transitive 
reasoning . 

While this conclusion was supported in a similar study by 
Bryant and Kopytynska (1976) , it must be viewed with caution. 
Transitive reasoning ability was never directly assessed in either 
study and consequently any conclusions concerning its role in the 
development of measurement concepts are tenuous. The fact that 4 
year old children were able to exhibit a primitive form of transitive 
reasoning behavior in a facilitative context is not surprising (see 
e.g., Braine, 1959). Furthermore, only a single prenumerical 
concept of measurement was considered. The real question concerns 
the role of transitivity in the itc^Juisition of increasingly complex 
measurement concepts. The results of Bailey (1974) and Hatano and 
Ito (1965) indicate that transitive reasoning may be important in 



store advanced toeasurcment concepts. 

Summary . The relationship betweep the developmental abilities 
of conservation and transitivity and children's knowledge of 
specific measurement concepts is complex axtd difficult to establish. 
Some investigators conclude that conservation and/or transitivity 
are required to carry out measurement strategies (Bailey, 1974 ^ 
Piaget et al., 1960), while others suggest that certain measure- 
ment strategies precede conservation (Carpenter, 1975; Wagman, 
1975; Bradbard, Note 7) and may even facilitate its development 
(Taloumis, 1975; Wohlwijl, 1970b). These mixed results may be 
explained in part by the different measurement concepts used 
to test children's abilities. As suggested by Hatano and Ito 
(1965), some measurement strategies are technique-based while others 
appear to be more dependent on logical reasoning abilities. Con- 
sequently young children have much more difficulty with some concepts 
than with others. Even with respect to a particular conceptual 
domain, e.g., unit of measure, children's understanding emerges 
ovet an extended period of time. They are able to deal with the 
number of units of measure at a relatively early stage (Carpenter, 
1975), probably before they can conserve (Hatano & Ito, 1965; 
Wagman, 1975; Bradbard, Note 7). However the ability to deal 
with the size of the unit and coordinate unit number and unit 
size is achieved much later, perhaps after conservation is fully 
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developed (Hntano h Ito, 1965; Pingct ot al., I960; Wohlwili, 
1970b). Since different measurement concepts may be differentially 



related to developmental abilities such as conservation and 
transitivity, any attempt to investigate the relationship between 
them will need to consider a wide range of measurement concepts. 
The current study illustrates this by moving from elementary 
prenumerical measurement concepts to more advanced numerical measure- 
ment concepts in its instructional sequence. 

Although the relationship between information processing 
capacity and children's knowledge of jneasurement concepts was 
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not investigated directly in any of the studies previously reviewed, 
some evidence does suggest the following. Children can and do 
perform poorly in measurement situations even though they possess 
the required logical abilities (Carpenter & Lewis, 1976). The 
reason for their inability to measure may be explained in part 
by their inability to decenter and consider several dimensions 
simultaneously (Carpenter, 1975). The current study investigated 
this hypothesis by including M-space as a measure of children's 
information processing or (^centering capacity. 

The studies review«»d in this section are status studies; 
^st of them employed cross-sectional rather than longitudinal 
methods of investigation. Therefore, conclusions, based on these 
results, about the role played by conservation and transitivity 
in the acquisition of measurement concepts are highly inferential. 

For example, the fact that children spontaneously develop conservation 
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and/or transitive reasoning before they master the inverse relation- 
ship between unit number and unit size does not necessarily imply 
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that these logical reasoning abilities are required for, or even 
contribute to, the acquisition of this measurement concept 
during instruction. The evidence provided by status studies is 
primarily fuggestive. More direct evidence about the relationship 
between developmental abilities and learning measuresent concepts 
comes from intervention or iij^truction^l studies. 
Acquisition of Keasurement Concepts ThrouRh Instruction 

The purpose of this section of the review is to consider 
studies which v e designed to' teach young children the fuY^aamental 
concepts of measurement. Those to be reviewed have included 
instruction on the kinds of measurement concept^ which are of 
interest in the current investigation. Therefore the review will 
include neither studies designed to teach the premeasurement 
concepts of conse*rvation and transitivity, nor those which instructed 
older children in more advanced measurement techniques, e.g., 
using standard units of measure (for a more complete review of 
measurement studies see Carpenter, 1976). Methodologically, the 
studies to be reviewed in this section are of two types. .One type 
considered the extent to which children of a particular age or 
developmental level could learn various measurement concepts. 
The second type of study investi^wJted the effect of children's 
developmental status on their ability to learn measurement concepts 
and consequently included children of different developmental levels. 

Several studies of the first type have examined the feasability 
of teaching initial matheumtics concepts through a measure^ient 
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approach. Van Wagenen et al. (1976) provided an experioental 
group of first-grade children with an alternative mathematics 
program for the entire year which emphasized concepts of linear 
measure. Activities included representing length physically and 
symbolically, and comparing lengths using various representations. 
At the end of the year the experimental group performed significantly 
better than a control group, which had received conventional 
instruction, on a measurement test and equally well on an arithmetic 

achievement test. 

Another matnematics program. Developing^ Mathematical Processes 

(Romberg et al., 1974, 1975, 1976), uses measurement ideas to 
\ 

introduce basic mathematics concepts. Before developing the program, 
a series of pilot tryouts were conducted to ascertain what measure- 
ment concepts young children were able to learn. It was found 
that after several weeks of instruction, kindergarten children 
could represent length using continuous physical representations 
and could compare and order lengths using these representations 
(Romberg & Gornowicz, Note 8). First-grade children could, after 
several lessons, measure length using both a collection of congruent 
units and unit iteration (Romberg & Pianert, Note 9); and second- 
grade children were able to learn the multiplicative relationship 
between unit size and unit number (Romberg & Pianert, Note 10). 

A study by Minskaya (1975) focused specifically on introducing"' 
the concept of number through measurement activities. First-grade 
children were presented witi spec'^ally designed mathematics lessons 
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vhich dealt with comparing quantities in various w^. Nuinber 

was introduced during the second half of the- year by using unit 

■ iteration and nuaber line activities. The emphasis of most 

* lessons was on unit size, and the relationship between total 

qu£ uity, unit nuinber, and unit size. The results which are < 

reported are impressive. On the final retention and transfer 
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test, which included many problems on the inverse relationship 
between unit number and unit size, 83t^f the responses were 
. -rect. This, is noteworthy in light of the relative difficulty of 
this concept for young children, a fact whi^sji has been documented 
in severalf^studies reviewed earlier. ^ 

Apparently young children can learn measurement concepts, and 
can be taught othej" mathematical concepts through a ineasurement 
approach. However this does not mean that children experience 
no difficijfty in learning about measurement. A teaching experii^ent 
by Gal'perin and Georgiev (1969) attempted to alleviate some of 
these problems. Based on earlier work, they hypothesized that 
children's misconceptions of measurement result from a lack of 
understanding of the unit of measure. Presumably children do not 
appreciate the size |of units and rely only on visual cues when 
measuring. In order to correct these misconceptions they devised 
a series of 68" instruction lessons for 6 and 7 year olds which 
focused on the measurement process and systematically differentiated 
between units of measure and disctete entities. The results 
show impressive gains in children's understanding of measurement. 



<j9t 

Although it is clear that the children did learn some basic concepts 
of measurement the reasons for their initial misconceptions are 
J^BS clear. Carpenter (Note 11) readministered some of Gal' per ^n 
and Georgiev's tasks along with some additional tasks to investigate 
the reason for children's errors. Carpenter found the same 
errors as those reported by Gal 'per in and Georgiev but based on 
the additional results suggests an alternate interpretation. 
Carpenter ma;lntains that the errors are not the result of inattention 
to the size of units but rather children's limited capacity to 
^ ' oake more than one-dimensional comparisons. They are capable 
of attending to the size of units, or the number of units, but 
^B^e unable to coordinate these two dimensions. 

The previous studies indicate that young children can learn 
measurement concepts, through careful instruction, but some mis- 
conceptions may occur along the yay. From a logical perspective, 
these misconceptions may result in part from the absence of fully 
developed logical reasoning abilities. However, only a few 
Studies have been conducted to test this hypothesis, i.e.', to 
examine the effect developmental abilities on children's measure"- 
ment learning. 

One such study was conducted by Beilin and Franklin (1962). 
They investigated the age-related developmental limits imposed 
upon the acquisition of measurement concepts. First-^grade and 
third-grade students were pretested on their ability to compare and 
^ order various objects by length and area using unit iteration, 
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The children were then Instructed on hov to solve theso tasks, 
using appropriate iteration strategies. The posttest consisted 
of a series of transfer tasks which jised different-size shapes 
but required the same measiirements^roq^sses. The results, showed 
that the third-grade Children knew more about measurement initially, 
and were able to transfer thei:;. knowledge to the novel tasks on 
the posttest. The first-grade children displayed some knowledge 
of linear measurement after instruction, but were unable to learn 
about area measure. "This lends support to thajview that the 
child's level of development places a limit on what he may acquire 
by virtue of experience or training at a particular time" (Beilin 
& Franklin, 1962, p. 618). Unfortunately, the conclusion of the 
authors is attenuated by the lack of. control for prior knowledge, 
and the use of age as a gross measure of development. It is 
difficult to assess the effects of specifically "developmental" 
abilities in this situation, and it is impossible to isolate the 
particular abilities which may have come into play. 

. One of these methodological problems, a difference between ^ 
age groups in prior knowlodse, was incidentally alleviated in a 
study reported by Montgomery (1973). It was not Montgomery's 
intention to investigate thi> relationship between developmental 
status and ability to benefit from instruction in linear measurement, 
but the study provides sij^ivif icant information in this regard. 
The purpose of Montgomery's study was to examine the interaction 
of second- and third-grade children's ability to learn length 
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concepts with two instructional treatments on area concepts, 

I* 

An initial teach-test procedure partitioned subjects on their 
ability to learn to compare two lengths measured with different 
units. They were randomly assigned to one of two instructional 
sequences which differed in their treatment of the unit of area 

if 

m^sure. One sequence always used congruent units to comp^e 
regions, while the other used noncongruent units and therefore 
emphasized unit size as well as unit number in all comparisons. ^* 
It was hypothesized that t'he children who experienced more difficulty 
using different units during the teach-test, procedure would not be 
able to take advantage of the latter, more sophisticated instruction. 
However, the results shoved none of the hypothesized interactions. 
Main effects were found favoring the students who had scored higher 
on the teach-test assessment, and favoring the instruction sequence 
which used noncongruent units. , 

Two results of Montgomery's study are particularly televant 
for the present investigation. First, the lack of interaction 
and the main effect favoring the more advanced instruction sequence 
indicates that the less capable children benefitted more from this 
form of instruction, even though it was logically beyond their 
abilities. This may have been because it directed their attention 
to all of the relevant attributes in measuring a general hypothesis 
suggested by Gelman (1969) in number contexts, and Carpenter and 
fiiebert (Note 2) in measurement contexts* The main effect for 
ability level is less relevant for this study since the form of 
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ability which was measured, while of general interest (see Carpenter, 
in press b), is not a developmental ability of the type assessed here. 

The second result of interest pertains to the relationship 
between developmental status (as measured by age) and ability to 
l^m linear measurement concepts. As mentioned earlier, this 
information was not an intended outcome of Montgoxaery ' s (1973) 
study and the data were not analyzed with this in mind. However 
a re-analysis of the original data contained in Montgomery (Note 

12) shows the following. Second- and third-grade students did 

a 

not differ in their knowlege of unit of length concepts before 

the teach-test procedure. After two periods of instruction, however, 

the third-grade students performed significantly better than the 

second-grade students on a unit of length posttest. Evidently 

the older children were able to benefit more from instruction on 

length concepts than the younger children. Of course it is still 

not known what particular developmental abilities were involved. 

Smnmary . It is dear that young children can be taught some 
of the basic concepts of measurement. But what about the effect 
of cognitive development on children's ability to learn measurement 
concepts? Some evidence suggests that children can benefit from 
measurement instruction which would appear to be beyond th«ir 
capabilities (Montgomery, 1973; Carpenter & Hiebert, Note 2; 
see also a conservation training study by Bearison, 1969). 
However this is not to say that children of all developmental 
levels are equally able to benefit from instruction (Beilin & 
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Franklin, 1962;- Montgomery, Kotc 12)V-D«velopinental constralnta 
seem to be real, but these nay be in the form of information 
processing limitations, as suggested by Carpenter's (Note 11) 
results, rather than logical reasoning deficiencies. This is 
the conclusion arrived at by Carpenter (1976) after an extensive 
review of measurement research. 

Unfortunately, the constraints of cognitive development 
have usually been inferred from differences in performance of 
children of different ages. No evidence exists which might link 
specific developmental abilities to children's learning during 
instruction on measurement. The current study wa's intended to fill 
this gap by investigating the effect of several logical reasoning 
abilities (conservation and transitivity) and an information 
processing capacity (M-space) on children's ability to learn 
linear measurement concepts during instruction. 
Conclusions 

Previous research has uncovered a significant relationship 
between cognitive development and mathematics learning. It 
appears that children's level of cognitive development aftects 
the kinds of mathematical concepts or skills which they are able 
to learn. An absence of certain developmental abilities limits 
children's learning potential. 

With respect to the Piagetian logical reasoning abilities, 
the relationship between development and learning seems to be 
specific rather than general. Certain abilities, such as 
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conservation and transitivity, are required to learn some math- 
cjnatical concepts but not others. More specifically, length 
conservation and length transitivity play an important role in 
learning some measurement concepts, but are -itet required for 
learning others. The present study fits well within this research 
background. It was designed to systematically investigate the 
«f f ect of length conservation and length transitivity on learning ' 
a sequence of increasingly complex measurement concepts and skills. 

Much less is known about the relationship between the develop- 
ment of information processing capacity and mathematics learning. 
Data from laboratory-type settings suggest that this developmental 
capacity has a direct effect 8n children's learning potential. 
In addition, there is some indication that the cognit:ive capacity 
which limits children's mathematics learning is the ability 
to process and coordinate several pieces of information simultaneously. 
However there is almost no information on the relationship between 
this ability and learning school mathematics concepts. The present 
study explored this relationship by applying Pascual-Leone's (1970) 
notion of M-space to the learning of linear measurement concepts. 



Chapter IV 
HYPOTHESES AND PROCEDURES 

Introduction 

The purpose of this study was to examine the effect of hasic 
developmental capacities on children's ability to learn mathematics 
through instruction. The research strategy employed was outlined 
briefly in Chapter I and will be expanded upon here. The major 
steps in this strategy can Be summarized as follows. Cognitive 

developmental abilities were identified for their potential , 

i 

influence on mathematics learning. Mathematics content which is 
logically related to the developmental abilities was selected for 
instruction. Since the intent of the study was to isolate and 
describe the role of these abilities in learning mathematics, the 
mathematics tasks were logically analyzed to determine their pre-- 
requisite skills and to specify the demands they placed on each 
developmental ability. The results of this analysis were used in 
two ways. First i the learning hierarchies established through the 
specification of prerequisite skills were used to design the 
instruction lessons. Second, the identification of the requirements 
placed on the developmental abilities by each mathematics task 
generated hypotheses about the points during instruction where 
developmental differences would affect learning. The data-gathering 
process was then impl^ented by selecting subjects who differed in 



their developmental ntatus but not in their initial knowledge of 
the primary^ measureai'nt concepts. All subjects were provided 
with similar instrun Ion and their responses to instruction were 
carefully recorded. Children's performance over the course of 
instruction was then related to their initial level of develop- 
ment. 

The first step tn this sequence, the selection of develop- 
mental variables, han been disucssed in Chapters I and II • The 
remaining steps havt^ been outlined previously but will be described 
in detail in this chapter. 

Selection and Analyn f B of Instructional Content 

Linear measurement was selected for instruction because of 
its logical relationship with the developmental variables and its 
importance in school mathematics programs. As described in Chapter I 
an analysis was carried out to identify and sequence the instruction 
objectives which embodied the basic concepts of elementary measure- 
ment (see Figure 1). Four principles of linear measurement were 
selected from this analysis, each providing the focus for one 
instruction lesson. Given in the sequence in which they were 
presented, the four objectives are; 1) using an intermediary, 
continuous represenl 4tion and attending to endpoints when measuring; 
2) using a discrete representation (i.e., subdivision of length) 
and attending to thd additivity of length and the linearity of 



the interval between the endpoints when measuring; 3) using a 
collection of units (i.e., several same-size discrete objects) 
and unit iteration (i.e., a single unit and change of position) 
to assign numbers to lengths; and 4) accounting for the inverse 
or multiplicative relationship between unit size and number of 
units when measuring. 

Tasks were constructed to assess children's understanding 
of these principles and these tasks were then carefully analyzed 
along several different lines. The primary analysis procedure 
was a rational task annlysis as prescribed by Gagne (1977). 
Each of the four major tasks was broken down into >a hierarchy 
of logically related prerequisite skills as shown in Appendix A. 
These learning hierarchies identified the skills and concepts 
required to complete each task. An important characteristic of 
this type of analysis is the specification of instructable components 
Each prerequisite skill represents an intermediate instructional 
objective. From the alandpoint of many learning theories, including 
Gagne^s (1974, 1977), *t maximally effective instruction procedure 
must attend to these prerequisite skills and their hierarchical 
status. 

In this study the ttighest^level prerequisites formed the basis 
for the instruction It^ssons and the lower level prerequisites were 
used to screen subjects on the linear measurement pretest (see. 



Appendix A). Each lesson consisted of several instruction 
problems which focused on a single prerequisite and a post- 
instruction task which embodied the primary concept or terminal 
objective of that lesson. The analyses in Appendix A identify 
both the prerequisites on which the instruction problems were 
based, and the post-instruction tasks used to assess children's 
understanding of the major measurement concepts. 

In addition to their use in designing instruction, the task 
analyses also identified the developmental abilities which are 
logically required to complete the tasks. That is, the analyses 
specified the dexaands made by each instruction problem and each 
post-instruction task on the developmental abilities. As Resnick 
(1976) and Shulman (Note 13) have pointed out, attention to these 
psychological components of the task is a particularly Important 
aspect of task analyses which are concerned with the intellectual 
processes involved in task solution. 

In this study, the task analyses specified the demands made 
by each measurement task on the developmental abilities of length 
conservation and length transitivity. Although most concepts of 
linear measurement are related in a general way to conservation 
and transitivity, they are not equally dependent on these abilities. 
Piaget makes a distinction between logical-mathematical knowledge 
and physical knowledge, and a related distinction between operative 

r 
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learning and figurative learning (see Chapter II>. These 
distinctions suggest that various learning tasks may place different 
types of demands on children's developmental abilities. The analysis 
of the measurement tasks which was used in this study showed that 
some of the tasks were heavily dependent on logical-mathKoatical 
knowledge while others were based primarily on physical knowledge 
and required application of a measurement technique. Tasks which 
require operational learning or logical-mathematical knowledge 
may be more dependent on developmental capabilities than those 
requiring figurative learning or physical knowledge. 

Ideally, a final analysis should be carried out to specify 
the information processing or M-space demands of each task. However, 
as alluded to in Chapter I, th*» application of M-space to instruc- 
tional contexts is not sufficiently advanced to prescribe methods 
for analyzing complex mathematical tasks in terms of their M-space 
demands. Recent work by Kintsch and van Dijk (1978) in the area of 
verbal learning suggests that the information processing demands 
of instructional tasks can be specified in terms of task contend 
variables. However, similar analyses have not yet been carried 
out for school mathematics tasks. Consequently, in this study 
M-space was treated in a more global way as a general integration 
capacity. 
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Research Hypotheses 

As outlined in Chapter I, the major questions of interest 
concern developmental group differences in learning measurement 
concepts and descriptions or characterizations of the measure- 
ment strategies used by children within each developmental group ♦ 
Some of these questions lend themselves to statistical analysis; 
others must be handled descriptively , The following section 
specifies the various hypotheses and provides a rationale for 
their inclusion, 

^Statistical questions. The analyses discussed in the preceding 
sections generated predictions about the effect of the developmental 
abilities on children's performance over the course of instruction. 
The predictions of primary interest concern differences in per-- 
formance on certain measurement tasks 'between operational and pre*- 
operational children, and between low M-space and high M-space 
children. However, before these hypotheses could be tested, a 
check was needed on the stability of the sample in terms of the 
developmental factors. 

The following hypotheses are presented as substantive questions 
of interest rather than as statistical hypotheses about observed 
scores. 

Hypothesis 1 , Children's performance on length conservation/ 
length transitivity and backward digit span will remain stable 
over short-term instruction on linear measuresncnt . 




108 



All of »he questions which deal with the developmental xiotioas 
of conservation, transitivitiy, and M-space assume that over a short 
time period they represent relatively stable constructs. It was 
assumed in this study that performance on these measures would 
remain stable over the brief instructional period. A check 4»n 
this assumption constituted the first research question since a 
rejection of this hypothesis would alter the interpretation of 
most results. 

Hypothesis 2 

a) Operational children will perform bet;:er than pre- 
operational chiltiren on the instruction problems and 
post-instruction tasks which depend on logical-mathe- 
matical . knowledge . 

b) Operational and preoperational children will not per- 
form differently on the instruction problems and post- 
instruction tasks which require only physical knowledge 
or measurement technique. 

Based on the analysis which specified the demands m.-de by 
each instruction problem and post^instruction -ask on the develop- 
mental abilities of conservation and transitivity, the tasks 
were labeled as either logical-ba^ed or technique-based tasks. 
Figure 2 indicates these designations and specifies the pre- 
requisites for each problem or task which were used to determine 
its classification. It was hypothesized that those problems or 
tasks which are based on logical-mathematical knowledge would show 
the effects of logical reasoning ability.^ Therefore it was on 
this se^of tasks that differences between high reasoning-ability 
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and low reasoning-ability chflj^en were predicted to occur. 
Hypothesis 3 

a) High M-space children will perform better than low 
M-space children on the post-instruction tasks. 
^ b) High M-space and low M-space children will not per- 
form differently on the instruction problems. 

Differences between low M-space and high M-space children in 

measurement task performance were hypothesized to be evident on 

the post-instruction tasks but not on the instruct;:on problems. 

Each instruction problem focused on one prerequi^te skill or 

concept, while the post- instruction task required the integration 

of these sWills. Since M-space represents w^tking short-term 

I ' ' ^ i 

memory, i.e., an informatip^ integration capacity, its effect 

should be most evident orj those tasks requiring the integration 

of newly learned skills or concepts. Case (1975) points out that 

M-space capacity ofxeii comes into play at the point where children 

have learned all 'the prerequisite skills and must integrate them 

/ 

to complete the superordinate task. Consequently, differences 
between the M-sp^cc groups were predicted on the set of post- 

instruction tastes but not on the set of instruction problems. 

/ 

Hypothesis 4 C 

a> Operational children wiir recognize and resolve coniiict 
to/ a greater extent than preoperational children. 

b) H^gh M-sp;tce children will recognize and resolve conflict 
Vb a greater extent than low M-space children. 

Thi6 represents the first of two hypotheses which consider 

the mediating rolo of cognitive conflict between the developmental 
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abilities and performance over instruction. According to Fiaget, 

a certain developmental level oust be reached- before the child is 

able to recognize Che conflict generated by applying different 

strategies to solve the same task,, and resolve this conflict 

by identifying the inadequacy of one strategy or the other. 

Therefore, operational children should engage in this behavior to 

a great^ extent than preoperational children. In addition, since 

the construct of M-space is theoretically the functional equivalent. 

of Piaget's structural notions, it was predicted that high M-space 

children would recognlEe and resolve conflict to a greater extent 

than low M-space children. 

Hypothesis 5 . Recognition and resplution of conflict 
will relate positively to performance on the post- 
Instruction tasks. 

The second hypothesis which concerned the role of conflict 
resolution in learning measurement focuses directly on the relation- 
ship between recoguUlon and resolution of conflict and subsequent 
performance on the measurement tasks. By switching the conflict 
variable from dependent to independent status this question consider 
the importance of the ability to recognize and resolve conflict 
on the learning of linear measurement concepts. The process of 
resolving cognitlvf conflict represents a central tenet of Piaget's 
position on the relationship between learning and development, 
and on the mechaniKw by which learning occurs. It was therefore 
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hypothesized that children who recognize and resolve conflict 



during Instruction would learn ^re about linear measurement than 

children who do not. 

Descriptive questions ,^ The statistically testable research 

questions in this, study deal with betveen-group differences. These 

questions focus on con^^arisons o.f various developmental groups 

in terms, of their mean performance on the measurement tasks* 

Several questions of interest still remained which could not be 

adequately handled by statistical tests. These questions were 

addressed using descriptive procedures. 

« 

Itfo major areas of interest provide the focus for the descrip- 
tive analyses. The first is the characterization of performance 
within particular developmental groups* Vhereas ^he statistical 
analysis employed in this study considers differences between 
developmental groups and indicates whether the high developmental 
children learned iiK?re, on the average, than the low developmental 
children > the descriptive procedures were designed to characterize 
the absolute performance level of individual developmental groups. 
The question of interest pertains t6 the constraints which the 
lack of developmental abilities impose on leam;^ng measurement. 
Consequently, this descriptive analysis was directed toward the 
low developmental groups and the question was whether these 
children had learned the measurement concepts or skills. In other 
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vords, are certain developmental abilities required to learn 

about measurement; and if so, which abilities are required to learn 

which concepts or skills. 

The second area of interest is a description of taeasurement 
strategies used by individual children or clusters of children 
on specific measurement tasks. An attempt was made to characterize 
the strategies used by the group of children in each cell of the 
developmental level matrix. This description contrasted the 
strategies used by, for -example, high M-space operational children 
with those used by high M-space preoperational children on Specific 

measurement tasks . 

A description of the strategies used by children with different 
cognitive characteristics provides a way of re-analyzing the tasks 
from the child's point of view. The logical task analysis used 
in this study (see Appendix A) was based on an analysis from the 
adult's perspective. While this type of analysis is useful, it 
does not always match the child's analysis. Children may approach 
and solve a task in a way which does not correspond with a priori 
"logic" and consequently may succeed from a unique set of pre- 
requisites. For instance, some measurement tasks logically involve 
the application of the transitivity principle. A comparison of the 
strategies used by children who reasoned transitively on the 
developmental task with those who did not indicates whether in 



114 

fact transitivity is required to complete the task in question. 
In 8UBaoary,a description of the strategies used to solve particular 
oeasurement tasks begins to reveal the way in which children view 
thepe tasks, and |he cognitive abilities which are required to 
solve them. 

Background of Methodology 

Interest has been expressed recently by educational and 
psychological researchers in methodologies which are sensitive 
to individual responses and individual change. Since the intent 
of the current study was to observe the strategies which individual 
children use to solve xneasureaent tasks and to instruct children 
in one-to-one interview situations, these methodologies contributed 
to the design of the study. 

A central feature of many methods which focus on the individual, 
rather than the group, has been referred to as the case study 
approach. Stake (1978) and^ MacDonald and Walker (1975) have 
pointed out the merits of the case study method in education 
research. Case studies are designed to describe and characterize 
individuals, rather than groups. They argue that this approach 
can be used effectively when understanding, rather than proof, 
is desired. Because of their compatability with people's experien- 
tial understand ingt case studies can be used to increase under- 
standing of the phenomena in question. Shulman (Note 14) reiterated 
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this point by noting the importance of attending to the idiosyn- 
cratic cases — the ones which do not fit the norm. Here again 
the concern is with understanding rather than statistical certainty. 
In the area of mathtiBatie* education research, Ginsburg (1976, 
1977) has consistently argued for the tise of clinical interviews 

I 

to determine how children think about tuatheiaatica^ problems. 
That such interviewH may reveal critical aspects of the child's 
thinking which do not show up on conventional group tests has 
been convincingly demonstrated by Erlwanger (1975) , 

Several non- traditional methodologies have been used to study 
the effects of instruction. Soviet psychologists (e.g., 
Menchinskaya, 1969) have employed longitudinal designs together 
with natural classroom settings and individual Interviews to 
investigate the effixts of various instructional approaches on 
the development /Of children's mathematical concepts (see Kantowski, 
Steffe, Lee, & Hatfield, Note 15). Recently, Piaget and associates 
(Inhelder et al., 1074) launched a series of training experiments 
designed to reveal hi more detail the mechanisms of development.. 
They suggest several guidelines for studying the effect of 
development on learning. Children's developmental status is 
assessed by their performance on developmental tasks logically 
related to the learning content. Each child is then followed 
over the coarse of {nstruction. Differences between children^ 
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in their ability to benefit fioni instruction ate lelateU to th«ii 
initial developmental levels. Wohlwill (1973) recognizes this 
as a viable procedure for studying the effects of one factor 
on the change in another. 

The specific method used in this study was not identical 
to any of the methods used in the previously cited investigations. 
However, it does reflect the spirit of them all. The study was 
a form of teaching experiment, but unlike the Soviet experiments, 
many of the instruction variables were controlled and protocol^ 
were relatively standardized to increase the generalizability 
of results. Children were instructed individually following 
the principles of case study and clinical interview techniques. 
Differences between children in their ability to benefit f rom ■ 
instruction were related to their initial developmental levels 
in line with the suggestion of Inhelder et al. (1974). In summary, 
the overriding concern in this study was with individuals* responses, 

with changes in these responses over instruction, and with the 

♦ 

effect of development on these changes. 
Procedures • 

The concern with inter-individual differences and intra- 
individual change guided the selection and implementation of 
procedures. Methods were chosen which would permit a detailed 
description of the performance of children of different developmental 
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levels as they were learning about measurement. It was , especially 
important to characterize the processes or strategies which children 
use to measure, and the way in which these strategies change over 
the course of instruction. The remainder of this chapter will 
detail the procedures which were used^to elicit, record, describe, 
and analyze these strategies. 

Sample solection . The sample consisted of 32 first-grade 
children drawn from three elementary schools in Madison, Wisconsin. 
Subjects were selected on the basis of two criteria: developmental 
level and measurement knowledge. A pretest was used to assess 
children *s developmental statu"s on the Piagetian and information 
processing variables, and to test their existing knowledge of 
the measurement concepts on which instruction would be provided. 
With respect to the Piagetian variables, children were classified 
as concrete operational, transitional, or preoperational based 
on their cumulative performance on tasks of length conservation 
and length transitivity. An equal number of operational and 
preoperational children were selected for the study. Operational 
children were those who ou:ceeded on both tasks; preoperational 
were those who failed both tasks. Transitional children were 
excluded from the sample for two reasons. First, children who 
are in the tr.msitional stage from preoperations to concrete 
operations exhibit rather unstable performance on concrete 
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operational tasks. They are more likely to be influenced by slight 
changes in task format, perceptual cues, etc. Since some of the 
measurement tasks to be used during instruction necessarily 
incorporated concepts of conservation and transitivity, it was 
Important to only include children who dealt with these concepts 
in a consistent way, i.e., who responded similarly to* these concepts 
across changes in task format. Second, since this study represented 
an initial investigation in this area i't was desirable to maximize 
the difference in developmental levels represented in the sample, i 
i.e., to maximize the potentially differential effects of develop- 

ment on learning. 

Information processing capacity, or M-space, was assessed 
using a backward digit span test. Previous work (Lawson, 1976; 
Carpenter & Hiebert, Note 5) shows that about an equal number of 
first-grade children fall into one of two categories: those 
who succeed with a 3-digit series and those who do not. Very 
few children fail with two digits or pass with more than three 
digits. The 2- and 3-digit categories will be referred to here 
as low and high M-space. The final sample included an equal number 
of high and low M-space children. Therefore, with respect to the 
developmental variables, the final sample consisted of 32 children 
with^ eight in each cell af a 2 X 2 matrix of operational/pre- 
opefrational by high/ low M-space. 
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The second portion of the pretest assessed children's existing 
knowledge of linear mcasuroaent. This part of the pretest was 
constructed from the logical task analyse#»of the major measure- 
ment concepts (see Appendix A). The prerequisites identified 
through these analyses were of three types; high-level pre- 
r/^quisites which provided the focus for instruction; developmental 
abilities which were used to select the sample and formulate 
hypotheses of where during instruction developmental differences 
would l3e found; and. low-level prerequisities which were used to 
^ screen subjects from the sample. The first part of the measure- 
ment pretest focused on the lower-level prerequisite skills. 

Children's performance on most of these prerequisites was 
assessed as a part of other items on the pretest. For example, 
the ability to make direct comparisons of lengths was assessed 
as part of the length transitivity task. Since instruction was 
not provided on these skills, children who did not have them 
were excluded from the sample. The sample therefore contained 
only children who possessed all of the (non-developmental) pre- ^ 
requisite skills upon whl^ instruction would build. ^ 

The second part of the^asurement pretest consisted of 
forms of the post-instruction casks which were given at the 
conclusion of each lesson. These tasks were designed to assess 
children's understanding of the major measurement concepts on 
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which instruction was given. Only children who were unsuccessful on 
all of these tasks were included in the sample. This selection pro- 
cedure ensured that all" children entered instruction with a similar 
level of measurement expertise. A description of all the items con- 
tained in the pretest, along with the protocols for their adminis- 
tration and the scoring criteria, are given in Ar»pendix B. 

A total of 143 children were pretested in order to identify 32 
children who filled the 2X2 developmental level matrix and who 
satisfied the measurement knowledge criteria. Appropriate procedures 
were used for obtaining parent and school permission for subject 
participation. All subjects foi whom approval had been received 
were pretested. The pretest items were given to all subjects in the 
same order: counting to determine the cardinality of a set, length 
transitivity, length conservation, forms of the four post-instruction 
tasks in the same order as the instruction lessons, and backward digit 
span. In order to reduce testing time and make min im al demands on 
students and teachers, pretesting with a particular subject was termi- 
nated as soon as the subject was eliminated from the final sample 
according to the criteria described above. Consequent|.y, many of the 
subjects received only some of the pretest items. 

Pretesting 'began with 35 children at School A. Twelve of these 
children were included in the sample; one of them was high Piagetian — 
high M-space, four were low Piagetian — high M-space, and seven were 
low Pingetian — low M-space. Of the 70 children pretested at School B, 
14 were included in the sample. Three of these were high Piagetian-.- 
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high M-space. six were high Piagetian—low M-space, four were low 
Piagetian— hfKh M-space, and one was low Piagetian— low M-space. 
Pretesting concluded with 35 children at School C. Six of these were 
included in the sample; four were high Piagetian— high M-space and 
two were high Piagetian—low M-space. A suamary of the pretest per- 
fonaance of all 143 potential subjects is given in Appendix H. 

The sample size of 32 was selected primarily on the basis of 
external conntraints such as testing and instruction tis^, 
availability of initial pool of subjects, etc. Thirty-two was 
considered tlio maximum number given these constraints. A power 
analysis was carried out to determine the probability of detecting 
between-group differences of a specified magnitude with this 
size sample. With a - .05, N - 32 (8 subjects per ceil), and 

* .20, thv power for two-way analysis of variance tests is 
.76 (Cohen, 1977). This is a reasonable level of power. 

A word of explanation is in order about n^, a measure of 
the magnitudt* of differences which are hypothesized to be present 
in the popul.it ion, The coefficient n is interpreted as a partial 
correlation v«efficient and as the proportion of variance 
accounted foi- by' one of the factors with the other factor and 
interaction hold constant or partialled out. In this study it 
is assumed that 20% (n^ - .20) of the variance in performance 
on the li^iiiat' measurement tasks can be accounted for by population 
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membership in either of tte developmental groups (Piagetian or 

M-space). The position taken here is that, although " -20 

*is a comparatively optimistic expectation^ if thq between-group 

differences are less than substantial in Hil*^latively controlled 

instruction situation, then the developmental variables have 

questionable educational value as predictors of children's 

ability to benefit from classroom instruction. Relatively 

large Statistical differences must exist before they can be 

considered educationally significant. 

Instruction and Assessment , The data collection procedures 

consisted of a pre^st for purposes of sample selection, an 

instructional sequence consisting of instruction and assessment, 

and ^""^posttest to measure developmental change. It should be 

noted that the procedures which were used to assess learning 

during instruction were built in as part of the instructional 

sequence. For each subject, all testing and instruction was 

conducted within a threes-week period, 
i 

After the 32 subjects were selected according to ths criteria 
sj^ecified earlier, they were presented with four instruction 
les'jrtms*^ The lessons were given individually, and each subject 
received no more than one lesson per day over the course of 5-6 
school days.. Each lesson focused on one fundamental principle 
of linear measurement as described previously. 
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All of the Instruction lessons were designed to follow a 
similar , progression* From a developmental perspective childr«i 
learn to represent the lengths of objects. They are then able 
to use this representation as an intermediary measure to compare 
and order two objects on the basis of length, and then to construct 
a second length equal to a first. In general, the instruction 
lessons folloved this developmental pattern. 

Each lesson consisted of a series of instruction problems 
which focused on the primary prerequisite skills or concepts 
required to successfully complete the post-- instruction task. 
These problejns proceeded from a simple construction or represen- 
tation of length to a compare and order situation. Each problem 
required |he child to measure a length in some way. The experi- 
menter then measured the same length in a different way. If 
the child had measured incorrectly, the experimenter measured 
C4^rvectly; if ^the child had 'measured correctly, the experimenter 
measured incorrectly in a predetermined way. The experimenter 
then asked the child to explain the reason for the different 
results. The purpose of this procedure was to introduce cognitive 
conflict. After the child was given opportunity to resolve this 
conflict, the experimenter verbalized the measurement principle 
involved. That is, the experimenter stated the principle in 
appropriate language so as to make available to the child the 
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Information needed to complete the task. Opportunity was then 
given for the child to apply this infonaation i#nd practice th« 
•kill on s task which was siailar in structure but different 
in foni to the initial task. This task ptfriBitted an assessraent 
of the child's knowledge of that prerequisite skill or concept 
after instruction. No feedback was given on this practice trial. 
The experimenter then moved to the next instruction problem. 
After all instruction problems were completed the post-instruction 
t«8k was presented. This task was designed to assess the child's 
understanding of the major measurement principle of that lesson. 
It required an integration of the prerequisite skills and a 
synthesis of the representation and the compare and order operations 
covered during instruction. No feedback was given on this task. 
A complete description of the instruction problems and the post- 
Instruction tasks for all lessons is given in Appendix C. The 
1 lesson protocols are presented in Appendix D. 

The instruction procedure used in this studj can be further, 
characterized by identifying its five salient features. First, 
instruction was provided in a one-to-one setting. This format 
Bwtxlmized learning opportunity by encouraging student-teaCher 
interaction, by permitting individualized feedback from the teacher, 
and by ensuring a high level of engag^d^time for the. learner. ' 
The importance of engaged time in learning situations has been 
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recently demonstrated (Berliner, Note 16). Individually admin- 
istered instruction also made possible the recording of individual 
responses during instruction. It allowed detailed observation 
of the processes children used to measure and the ways in which 
they responded to instruction. 

The second feature of instruction was that children were 
required to carry out actual measurements on a series of 
instructional problems. This activity oriented approach en- 
couraged on-task or engaged behavior. It is also consonant with 
viewing the learner as actively engaged in constructing knowledge, 
a perspective taken by many psychologists and educators (see e.g., 
ElWind. 1976; Lesh, 1973; Osborne, 1976; Wittrock, 1978; Romberg & 
Harvey, Note 17). Furthermore, requiring children to overtly 
measure permitted observation of the strategies children used 
to measure. This in turn revealed children's concepticins of 
linear measurement. Requiring children to actively manipulate 
objects in conjunction with questions about these manipulations 
has been established as a fruitful way to investigate children's 
thinking. In fact it is the basis for Piaget's methode ■ clinique . 

A third feature of instruction was the attention given to 
the logical prerequisites of the instruction objectives. ^Designing 
instruction which accounted for the prerequisite skills contributed 
to the effectiveness of instruction and permitted an investigation 
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of the factors responsible for variation in learning performance. 
For exaxnplie, the post- instruction taskt which assessed the effect 
of the preceding instruction, represented an integration of the 
highest--level prerequisites. Failure on this task could be 
attributed to an incomplete mastery of one or more of these skills, 
or to a failure to integrate them. Children's performance on 
each of the instruction problem indicated their level of mastery 
of each prerequisite. Assuming an adequate task analysis, mastery 
of all prerequisites and failure on the terminal (post- instruction) 
task suggested a limited integration capacity (M-space). Therefore, 
a less than successful performance on the post-instruction task 
could be traced to an incomplete mastery of a prerequisite or 
to an inability to integrate these individual skills (see Figure 2). 

A fourth feature of instruction was the form of student- teacher 
(subject-experimenter) interaction which occurred in each instruction 
problem* The most important aspect of this interaction was the intro- 
duction of cognitive conflict by the experimenter. A methodTof gen- 
erating conflict in measurCTient situations has been illustrated by 
Inhelder et al. (1974). Similar procedures were used in this study. 

Situations of cognitive conflict presumably serve to promote 
operational learning (Furth, 1970; Lpvell, 1966; Smock, 1976; Hooper 
& DeFrain, Note 1). Such situations place the learner in a position 
vhich calls for a rethinking or reorganization of existing conceptions. 
From a Piagetian perspective, the recognition and resolution of 
cognitive conflict is a form of equilibration. 
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the mechanism postulated to govern operational learning and de^ 

velopment (Piaget, 1971a 

The fifth characteristic of instruction was its completeness 
with respect to providing the information necessary to carry out 
the required measurement and providing opportunity for practice. 
After chUdren were given the opportunitjrjr^ojresolve the conflict 
introduced in the instruction problem, the experimenter verbalized 
the measurement principle involved. The children were then given 
a problem on which they could practicfe their newly learned skill. 
In addition to promoting acquisition of that skill, the practice 
task permitted an assessment of the child's mastery of that pre- 
requisite skill or concept after instruction. It therefore 
provided essential information on the role of that particular 
prerequisite in the child's performance on the post-instruction 

task. ^ 

Several days after instructi^lwas completed, each subject 
was givei^ a cognitive task posttest. This consisted of a read- 
ministration of the cognitive developmental tasks which were given 
in the pretest: length conservation, length transitivity, and 
backward digit span. Theoretically, performance should remain 
stable on these tasks over the brief instruction period. The 
posttest was given to check on this assumption. 

All testiijil^and instruction was conducted by the experimenter. 
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A trained observer was present during the instruction lessons 
to record children's t^asurement strategies and their responses 
to the cognitive conflict situations* ^ 



descriptions of/ children's solution processes or strategies is 
one of coding- The overwhelxaing amount of infonuation vmst be 
organized and translated into some manageable form* The dilessoa 
is that HQiae reduction and scaling of the data is necessary in 
order to apply available statistical procedures and to abstract 
general patterns or characteristics from the myriad of individual 
responsen; but an over-reduction of the data may lose important 
infonnation about individual responses and specific strategies. 
The analysis to be used here deals with this problem by reporting 
the results at two levels. Based on pilot studies and a logical 
analysis of the tasks » lists of strategies by &l^ch children could 
complete the instruction problems and the post-instruction tasks 
were constructed for each lesson (see Appendix E) . These strategies 
were used to classify the processes children used to measure* 
The purpi^se of this level of coding was to retain all non-trivial 
information on children's measurement processes* This data was 
used as the basis for the descriptive analyses. 

Some scaling or reduction of the data was required for the 



Coding Ri^sponses 

The initial .problem in analyzing data which consists of 




statistical analysis. While each of the lists of measurement 
strategies show a general progression from perceptually-bound 
to conceptually-based strategies, a complete scaling of all strategic 
vithin eacli list was not possible. For example, there are usually 
several incorrect strategies which evidence a similar level of 
understanding of the measurement concept in question. It was 
possible, however, to classify all strategies into one of three, 
ordinal categories. The lowest level category included those 
strategies based on perceptual judgments and/or showing no resem- 
blance to appropriate measurement technique^. The second category 
consisted of those strategies which were partially correct, i.e., 
which evidenced some understanding of the measurement principle 
in question, but which for some leason did not achieve an accurate 
result. The Inaccurate results were often due to a deficient 
measuring technique. The final category was limited to those 
strategies which evidenced an understanding of the measurement 
principle and which yielded an accurate result. Using these 
criteria, children's measurement strategies were scored 0. 1, or 
2 on each problem and task. (See Appendix E for the specific 
scoring criteria for each problem ^nd task.) These data were used 
for the statistical analyses. 

In addition to coding children's laeasurcment strategies, 
some measure was needed of children's ability to recogniie and 



resolve conflict during instn'ction. Presented with a conflict 
•ituation, children can respond in one of three w«yss they may 
not recognise the conflict and therefore see no need to resolve 
the different results; they may recognize the conflict but not 
be able to resolve it; or, they may recognize the conflict and 
resolve it by explaining or demonstrating the reason for the 
different results. Using the more specific scoring criteria 
given in Appendix E, children's responses in the conflict situation 
were classified into one of these three categories and scored 0, 
1« or 2. 

Taken together, the scores for measureaent task performance 
and the conflict scores generated a vector which characterized, 
in a quantitative way, each subject's performance throushout 
instruction. Figure 3 identifies the instruction problems and 
the post-instruction tasks, and depicts the vector of scores 
which was constructed for each subject. All statistical analyses 
were based on these data. 

Observer Agreement . As indicated previously, observers were 
trained to record and score children's measuretnent strategies 
and their responses to the conflict situations. Two observers 
were trained using videotapes of first-grade children receiving 
the instruction lessons, from the experimenter. In line with the 
rccoBsmendations of ?rick and Semmel (1978) , observer agreement - 
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was computed both prior to, and during, data collection. For 
purposes of computing observer agreeaent prior to 4ata collection, 
an additional tape was shown of One child receiving all four 
instruction lessons. Since the basic unit of analysis was tha 
score assigned to each taeasurement strategy and each response to 
the conflict situation, the percentage of observer agreeacnt was 
computed from these scores. Using the experimenter as the criterion. 
Observer A agreed on 91. 7S (11/12) of the codeable measurement 
scores and 752 (6/8) of the codeable conflict scores. Observer 
B agreed on lOOZ (12/12) of the codeable taeasurement scores and 
87. 5X (7/8) of the codeable conflict scores^ Due to problems 
associated with video-taping, one conflict response and one 
measurement response were unclear and were not scored. 

To check observer agreement during instruction, the experimenter 
scored the responses of several children, selected at random, for 
each instruction lesson. To compute percentage of observer agreement 
three protocolM for each lesson were randomly selected from this 
set. Since only one observer was present foi a particular lesson, 
the agreement for Observer A could only be computed for Lessons 1 
and 2, and that for Observer B for Lessons 3 and 4. Using the 
experimenter an the criterion. Observer A agreed on 94. 2Z (17/18) 
of the measurement scores and 83.3% (10/12) of the conflict scores. 
Observer B agreed on 1002 (21/21) of the measurement scores and - 
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93.32 (14/15) of €he conflict ticor«* 
Analysis Procedures 

Statistical ^malysis , Infonnation was collected from eAch 
child in this study on 24 measures. One of these vas a collective 
maasure of Fiagetian operational level with respect to length; 
one was a measure of M-space or information processing capacity; 
nine vere measures of ability to recognize and resolve conflict; 
and the reoaining 13 were the linear measurement assessment tasks 
presented during instruction. Some information on the relations 

between these variables was av; liable from logical analyses. 

« 

For example, a subset of the linear measurement tasks were closely 
related from a logical standpoint since they required logical- 
mathematical knowledge for soltition. The complementary subset 
of tasks were also related since they depended primarily on physical 
knowledge or me sirement technique (see Figure 2). It was this 
kind of information that was utilized in the statistical analysis. 
Differences between the Piaget Inn-level groups were Investigated 
using a partitioning of tasks nlong the dimension logically 
related to tile Fiagetian variables* A similar logic held for 
investigating M-space betwcen-^roup differences • 

The statistical procedurtMi which were used will be described 
with respect to the research hvpotheses presented earlier. 
Hypothesis 1 (see p. 107) was tested using the Pearson goodness*of-f it 



t««t (Maraacuilo & McSwecney, 1977). This is a nonpar aoetri^ 
test which jaeasures the tigreement betveen an obtained distribution 
and a theoretical or expected distribution. Theoretically, 
perfonaance on the Piagotian and M-»pace 'tasks should remain 
relatively stable over a short time period. Consequently it was 
expected that the sample would be equally distributed over the 
cells of the 2X2 developmental level matrix on the posttest. 

Analysis of variance procedures were used for hypotheses 2 
and 3 (see pages 108 and 109) with Piagetian operational level 
and M-space serving as tlic independent variables. These hypotheses 
focused on differences between the developmental groups in 
performance on the measurement tasks. Since the logical analyses 
indicated the particular tasks on which these differences were 
expected to occur, the scores were aggregated as follows. With 
respect to the Piagetian factor , scores on the logical-mathematical 
tasks were sunsned to create one dependent variable (hypothesis 2a) 
and scores on the technit^ue tasks were summed to create a second 
dependent variable (hypothesis 2b). The tasks were partitioned 
in a different way to invostigate the effect of M-space. The sum 
of scores on the post-inj;truction or integration tasks formed one 
dependent variable (hyuothesis 3a) and the sura of scores on the 
instruction problems or individual skill tasks formed a second, 
dependent variable (hypt>thesis 3b). Reliability coefficients 



were computed to measure the internal consistency of each set 
of scores. 

It should be noted that the partitioning of tasks for hypotheses 
2 and 3 represented two different aggregations of the same set of 
scores, hence tests of the hypotheses are not statistically inde- 
pendent. This is reasonable, however, since all the tass^s were 
analyzed from two different perspectives: One analysis involved 
the logical-mathematical component o^ the demands placed on logical 
reasoning abilities, and a second analysis involved an integration 
component or the demands placed on M-space. Since all the tasks 
were represented in both partitionings, there was potential for 
an interaction between the developmental factors. For example, 
three of the four post-instruction tasks were logical-mathematical 
tasks. It may have been that children needed to be developmentally 
advanced along both dimensions to successfully complete' these 
tasks. Two-way analysis of variance procedures were use4 to test 
these possible interaction effects. However, for hypothesis 2, 
primiuy interest was on the main effect of the Piagetian between- 
group difference, and, for hypothesis 3, the M-space between-group 
difference. 

Hypothesis 4 (see p. 110) was also tested using analysis of 
variance procedures. The independent variables were Piagetian 
operational level and M-space capacity. The dependent variable 

1 " p 
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was the sum of scores on the recognition and resolution of conflict 
sessurest 

Hypothesis 5 (see p« 11) wss treated as a regression problem 
with recognition and resolution of conflict serving as the inde- 
pendent variable and post-instruction task performance forming the 
dependent variable. Both variables were measured by simply summing 
scores through instruction. 

Descriptive analysis . The primary objective of the descriptive 
analysis was to characterize periprmance within a particular 
developmental group. Contingency tables were prepared for each of 
the measurement tasks showing the number of children In each 
developmental group who obtained a particular (;core on each task. 
This information was used to determine whether d given task is 
accessible to children who lack the logical reasoning abilities 
or who have a small information processing capacity* 

An attempt was also made to characterize the measuring 
strategies used by children in each cell of thti develv pmental 
level matrix. The focus of this descriptive^ analysis was on the 
types of strategies used by children possesslui; certain cognitive 
characteristics* For example, some measuring strategies appear 
to involve the application of logical reasoniu*^ abilities (i.e.i 
conservation and transitivity). The question Is whether children 
who do not conserve or reason transitively emplcy these kinds of 
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strategies. This information nay provide some insight into the 
way in which these developmental abilities affect children's 
laeaBuring. performance. 

i • 
A final question of interest yhich was addressed using 

descriptive procedures is whether information processing capacity 

affects children's abi^isy to integrate individually mastered 

skills in solving a superordinate task. In this study, the in- 

struction problems represented individual skills which were logically 

required to complete the post-instruction task. ^ frequency count 

of the number of children in each develoemental group who- mastered 

the prerequisite skills but failed the post-instructiofi^task 

indicates whether a high capacity was necessary for, or facilitated, 

the integration of separate skills. 
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Chapter V 

RESULTS 

The results of the itudy will be presented for each of the 
hypotheses given on pp. 107-111. These hypotheses are restated 
here in null hypothesis form. In laost cases statistical tests 
were used to assess differences between the developmental groups 
on various aggregations of measurement and conflict scores. Per- 
foimance on individual measurement tasks will also be described 
both quantitatively and qualitatively. This analysis focuses on 
a characterization of performance within each cell of the develop- 
mental level matrix and descriptive comparisons, between cells on 
particular tasks. 

Stability on Developmental Variables 

Hypothesis 1 . Children's performance on length conservation/ 
len&t4i transitivity and backward digit span will remain stable 
oveT short-term instruction on linear measurement. 

Null nv^po thesis 1 . The observed frequencies on the posttest 
will liot differ significantly from the. expected frequencies of 
equal Sn^bers in each cell of the developmental level matrix. 

Performance on the posttest length conservation and length 
transitivity tasks showed that four children had moved from pre- 
operational to transitional and two children had moved from opera- 
tional to transitional. With respect. to performance on the back- 
ward digit spar task, one child had moved from lo^w M-space -to high 
M-spa-.e and three children had moved from high M-space to low M- 
space. -Tiiorefore, compared to pretest performance, about 8iZ of 
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the subjects gave identical responses on the Fiagetisn posttest and 
about 882 of the subjects gave similar responses on the backward 
digit span posttest. 

Ib order to conduct, a libferal statistical test to detect 
significant shifts in the sample, changes on the Piagetian tasks 
were treated as changes from one level to the other rather than as 
changes to transitional responses* Using this modification » Table 
1 shows the expected and observed distributions on the posttest 
developmental tasks* 

Comparing these two distributions, the Pearson x statistic 
for goodness^of-fit is 2»75, This is well below the critical value 
of 7*81 (a*. 05, df«3). Therefore the hypothesis of a nonsignificant 
systematic shift in the sample was not rejected^ The remaining 
analyses were run using the Initial classification of subjects ♦ 
Effects of Developmental Variables on Measurement Performance 

LoRical ReasonlnR \blllfV t The first partitioning of the 
linear measurement tasks was in terms of the types of knowledge 
needed to con^^lete them, i.e.! the demands they placed on the 
logical reasoning abilities • One aggregation consisted of logical- 
mathematical tasks or tasks which logically required length con-- 
servation or length transitivity for solution. The remaining tasks 
depended primarily on a specific measurement technique for 
solutions 

Hypothesis 2a ♦ OperatiiMuil children will perform better th^n 
preoperational children %mi the instruction problems and post-* 
instruction tasks which ^icpend on logical-mathematical ^ 
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Table 1 

Fosttest Perforxsance on the DevelopoentAl Task«- 



Observed Frequencies 

Information 
Processing 
Capacity 



Logical 

Reasoning 

Ability 



High 



Low 



9 


9 


4 


10 . 



acpected Frequencies 

Information 
Processing 
Capacity 



Logical 

Reasoning 

Ability 



High 



Low 







8 


S 



Table entries represent number of subjects in each category. 
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luofwledge* 

Null. Hypothesis 2a . There is no signif icatvt difference in the 
mean scorea of the two Piagetian level groups on the logical- 
sathe&atical tasluii 

Means and standard deviations for each develo^&ental group on 
the set of logical-mathematical tasks are shown in Table 2. 
Analysis of variance on these scores is summarized in Table 3. 

Thft two Piagetian level groups differed significantly 
(a-. 05) on this set of tasks and the null hypothesis is rejected. 
The logical reasoning ability factor accounted for 23. OJ of 
the variance in children's performance. The low developmental 
children had a mean total score of 9.13 (out of 16) while the high 
developmental children had a mean total score of 12,81. The inter- 
action between the developmental factors was not significant. The 
Cronbach alpha reliability coefficient for this set of eight tasks 



was («73. 



Hypothesis 2b . Operational and preoperational children will 
^not perform differently on the instruction problems and post- 
instruction tasks which require only physical knowledge or 
measureisent technique. 

Null Hypothesis 2b . There is no significant difference in 
the mean Scores of the twp Piagetian level groups on the 
technique tasks. 

The prediction in the substantive hypothesis indicates the 
expectation that the null hjrpo thesis will not be rejected. 

Table 4 presents means and standard deviations and Table 5 
summarizes the analysis of variance on the aggregation of technique- 
based tasks. 
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T«^e 2 

Means and Standat,ci Deviations — 
logical-Mathematical Tasks 

lofor&iation Processing Capacity 

Hi^h Low 
X-13.38 X-12.25 X-12.81 

SD-2.20 SD-3.37 SD-2.81 

X-9.13 X-9.13 * X-9.13 
SD-4.94 SD-3.23 SD-4.03 

X-=11.25 X-iO.69 
SD«4.30 SD-3.57 

Maximum score " 16 



High 

Logical 
Reasoning 
Ability 

Low 



1 / 



Tftble 3 

ANOVA— Logical-M4th€3a«tic*l Task* 



Source of Variation 



KS 



n 



2* 



Logical reafioning 
abUity (A) 

Information proceasing 
capacity (B) 

A 3c B 
Reaidual 



1 108.781 8.529 .007 

1 2.531 .198 .659 

X 2.531 .198 .659 

28 12.75^ 



.230 
.005 



indicates the proportion of variation in performance on thia 
aet of tasks explained by each factor. 




Table 4 

Means and St<tndard Devl&tlons-^ 
Techuique Task« 

Xnformatltm Processing Capacity 



Logical 

Reasoning 

Ability 





High 


Low 






X-6.88 1 




X-7.25 


High 


sn-1.25 


SD-2.33 


SD-1.84 




, X-5.88 


X-7.75 


X-6.81 


Low 


SD-1.36 


SD-1.75 


SD-1.80 




K-6.37 


X-7.69 






St)-1.36 


SD=1.99 





Mnximum score ■» 10 



/ 
/ 



T«bl« 5 

^ AMOVA— Tficbnique Tasks 













Source of Variation 


df 


MS 


F 


P< 


Logical reasoning 
ability (A) 


1 


1.531 


.516 


.%79 


loforoation processing 
capacity (B) 


m 

1 


13.781 


4.642 


.040 


A X B 


1 


2.531 


.853 


.364 


Residual 


28 


2.969 







*n* indicates the proportion of variation in performance 
set of tasks explained by each factor* 
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The- Piagetian operational level groupa did not perf om 
aignificantly different on thi. aet of taaka* The variation in 
performance on theae taaka is therefore accounted for by factors 
other th^ logical reasoning ability. Although no predictions 
wre advanced with regard to the information processing factor on 
these tasks, the main effect for information processing capacity 
was significant at the .05 level. This factor accounted for 13.7X 
of the variance in children's per foroance. with the low deve- 
lopmental children performing better a.7.69 out of 10) than the 
high developmental children CX.6.37). The interaction between 
the developmental factors was not significant. Cronbach's alpha 
on this set of five tasks was .67. 

Information prnci^^stng capacity. The second partitioning of 
measurement tasks was based on the demands which they were expected 
to piaca on iuformation-processlng capacity <M-s?ace). Since the 
post-instruction tasks required an integration of the separate 
skills taught during instruction, the ^gregation of these scores 
presumably represented a high M-space demand score. In contrast, 
the instruction problems focused on an individual concept or skill 
and the aggregation of these scores represented a low K-space 



demand score. 



Hvpothesisja. High M-space children wfir perform better 
than. low M-space children on the post-instruction tasks. 

. Null nvoothasls 3a . There is no significant difference in 
the mean scores of the two M-space groups on the post- 
instruction tasks. 
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KeAns and standard davi^iona on tha poat-ldatruction taaka 
arc praaented in labia 6. Analysis of variance on thesa data la 
aumarisad in Table 7. 

^ 

Contrary to jiredictiiaQ, the effect of inforaurtion processing 
cApmcity on childran^s ability to oatter thase tmikj vas claarly 
Bonaignif icant and ttia null hjrpothaals ia not rajactad* Tha low - 
and high developiaantal groupa had idantical mean acorea of 3 •94 
(out of 8). The logical reasoning ability factor was aignificanty 
however f accounting for 31Z of the variance in children* a per- 
formance* The preoperational children had a aean acore of 2aSS 
while the operational children had a mean score of 5aOO« It imst 
be remembered that three of the four poat-inst ruction tasks were 
aiao classified as logical-mathematical tasks* The interaction 
between the developmental factors was not significants Cronbach^s 
alpha for this set of four tasks was #22* 

Hypothes 1 8 3b * High M-space and low M-space children will not 
perform differently qn the instruction problems* 

Null Hypothesis 3b » There is no significant difference in 
the mean scores of the two K-space groups; on the 
instruction problema* 

Aa in Hypothesis 2b , the prediction here is that the null 
hypothesis will not be rejected* 

Means and standard deviations for the set of instruction 
problems are shown in Table S* Analysis of variance on these 
scores is summarized in Table 9* 

The information processing groups did not differ significantly 



Haanft and Standard Deviatioas- 
Post-Iastruction Tasks 



Information Processing Capacity 
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Logical 

Reasoning 

Ability 



High 



Low 



High 


Low 


X-4.75 


X-5.25 


SD-1.67 


SD-1.98 


X»3.i3 


X-2.63 j 


SD-1.81 


SD-1.06 


X-3.94 


X-3.94 


SD-1.88 


SD-2.05 * 


Maximum score - 8 



X-5.00 
SD«1.79 

X-2,88 
SD-1.45 
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ANOVA— Fo»t-Ia«tructlon Task* 
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Source of Variation 



d£ 



MS 



Logical reasoning 
ability <A) 

Information processing 
capacity (B) 

A X B 

Residual 



1 36.125 13.010 .001 .314 



1 .000 
1 2.000 
28 2.777 



.000 1.000 .000 
.720 .403 



indicates the proportion of variation in performance on this 
setf of tasks explained by each factor. 



\ 
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Table 8 

Means an* Standard Deviations— ^ 
Instruction Problems 

, ■ V . 

Information Processing Capacity 

High Low 

X*15 .50 X-i4 . 63 X-15 . 06 

SD-l.Al SD«3.74 SD-2.77 

X-11.88 X-14.25 X-13.06 

SD-4.32 SD«=2.25 SD-3.55 

X«13.68 X»14.44 
SD-3.63 SD-2.99 

Maacimuffi score ^ 18 



High 

Logical 
Reasoning 
Ability 

Low 
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Table 9 



^ ANOVA— Instruction Problems 



^ — — -i^T — 

Source of VariatJ.on 


d£ 


MS 


F 


P< 




Logical reasoning ' 
ability (A) 


f 

1 


32.000 


3.220 


.084 


.096 


Information processing ^ 
capacity (B\ 


ft 

1 


A. 500 


.453 


.507 


.014 


A X B 


1 


21.125 


2.126 


.156 




Residual 


28 


9.937 









indicates the proportion of variation in perfonaaace on this set 
of tasks explained by each factor. 
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in their performance on these tasks. The infe«raction of the 
developmental factors was also nonsignificant. Cronbach*8 alpha 
• for this set of nine tasks was .75. 
Effects of Developmental Variables on Recognition and Resolution 

of Conflict 

Hypothesis 4 

^ a* Qpf:rational children will recognize and resolve conflict 
to a greater extent than preoperational children, 
b. High M-space children will recognize and resolve conflict 
to a greater extent than low M-space children. 

Null Hypotltesis 4 
* a. There is tlo significant difference in the mean scores of 
the two Piagetian level groups on the recognition and 
resolution of conflict. ^ \ 
b. There is no significant difference in the mean scores of 
the two M-space groups on the recognition and 
resolution of c^onflict. f 

A score representing children's ability to deal with cognitive 
conflict was obtained by summing the nine recognition and resolu- 
tioa of conflict scores. Table 10 displays the means and standard 
deviations on these scores. Table 11 summarizes the analysis of 
variance on this dependent measure. 

Neither the main effect nor the interaction effect were 
statistically significant (a».05). Therefore, neither of the null 

m 

hypotheses are rejected* 

Relationship Setveen RecoRnltlon^and^Resolutlon of Conflict and 
Measurement Performance 

Hypothesis 5 « Recognition and resolut^^Qn of conflict will 
relate positively to performance on the post^-instruct ton 
tasks* 



Table 10 
Means and Standard Deviations — 
Recognition and Resolution of Conflict 



Logical 

Reasoning 

AbUity 



Inforaation Processing Capacity 





J 

High' 


Low 






X-16.00 


X-15.88 


i-15.94 


High 


SD-1.50 


SD-2.80 


SD-2.21 




X-12.25 


X-15.50 


X-13.88 


Low 


SI>-=3.92 


SD-3,66 


SD«4,03 




X-14.12 


X-15.69 






SD-3.A8 


SD-1.66 





Maximum Score " 18 



. T*ble 11 

ANOVA— Recognition and Resolution of Conflict 
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Source of Variation 


df 


MS 


F 


P< 




Logical reasoning 
ability (A) 


1 


34.031 


3.473 


.073 


.096 


Information processing 
capacity (B) 


1 


19.531 


1.993 


.169 


.058 


A X B 


1 


22.781 


2.325 


.139 




Residual 


28 


9.799 









indicates the proportion of variation in perfortnance on this set 
of tasks explained by each' factor. 



i 
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Null Hvpothesla 5 , There i« no 8ign±fic«nt correlation 
between the recognition and re«olution «f conflict and 
perforoance on the post-instruction tasks* 

The conflict score was conceptually shifted from its 
dependent status in the previous analysis to independent status 
for the present analysi^ Since the conflict situations were 
introduced as part of the instructional procedure, the post- 
instruction tasks assessed the effect of children's ability to 
recognize and resolve conflict. on their Beasuremcnt performance. ■ 
Scores on the post- instruction tasks were summed to create a 
measurement performance score. A simple bivariate regression 

between these two variables yielded a correlation coefficient of 

1 / 

X-.455 and a coefficient of detenainatiJim' r^"-. 207. Therefore 
20. 7Z of the variation in measuremei^f performance is explained by 
linear regression on the cqfnflict variable. An F ratio of 7.85 
for the regression coefficient indicates that this linear associ- 
ation is statistically significant at the .01 level. The null 
hypothesis is rejected. 
Descriptioh of Measurement Performance, 

Whereas the preceding statistical analyses considered 
between-group differences on groups of scores, the descriptive 
analysis focused en within-group performance on individual tasks 
and comparisons between developmental groups on particular tasks. 
The primary question of interest was whether the developmental 
abilities were required to master certain tasks, i.e., whether 
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certain tasks were "ioactessible" to the low developmental 
children. An over-all picture of the perfonaance of each deve- 
lopmental group can be ohtained from the graphs in Figures 4 and 
5. 

The graph in figure 4 shows that the high developmental group 
had a higher mean score on all tasks except three. Consistent 
with the hypotheses, thcMc were three of the five tasks on which 
group diffferences wete not expected to occur. The mean scores of 
the low developmental group suggest that all of the tasks except 
for the post-instruction task in Lesson IV could be mastered by 
at leAst some of the preoperational children.. Contingency tables 
were computed for each tusk to check on this conjecture. These 
are shown in. Appendix F. Patterns of scores within each task 
support the fact that, while not as many preoperational 'children 
cchieved complete masttny of most of the tasks, th^ tasks were 
generally accessible to these low developiaental children. The 
striking exception to thts pattern was the post-instruction task 
in Lesson IV. Only two of the 16 preoperational childlf^n scored 
above Q on this task. lU^th of these children were found to be in 
transition toward concrtMc operations on the posttest develop- 
mental tasks . 

The graph in Figure 5 suggests no clear pattern. On some 
tasks, the high M-space children performed better than the low 
M-space children, while on others this ranking was reversed. 
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O^-r— High Logical tUMOulng ^ilitf 
Icglcal Rtafonifig Ability 




(Lcffion I« (Lftston X« 
ProblM 1) Post-t«iik) 

luitructlon Problem* and Po»t-ln»truction Ta»kji 



*T«skft on which group differences w«rt predicted 



Figure 4» Mean Performance on the Measurement Tasks by the 
Preoperational and Operational Groups 



I 



3t - - 



High Infowtioti iprcc««»lng CapacltJ^. 
Lew lBfoir»«tioQ Pioct»titt« C»p*city 



Tack 

Score 



2.0 
1.8. 

1.6' 

1.2 

1.0. 

.8 ■ 
.6 

.4 
.2 




II 11 IP 



III 112 IIP* nil 1112 1113 HIP* IVl 1V2 IVP 



(Lessors I. (Lesson 1, 
Problen 1) Post-task) 



^struct ion Probleos «nd Post-lnstrucclon Tasks 



*Tasks on vMch group differences were predicted 



Figure 5. Mean rerfomance on the Measurement Tasks by tbe 
High and Low M~space Groups 
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The mean scores suggest that all of the tasks were within the 
capabilities of at least some of the low M-space children. The 
contingency tables provided in i^pendix F confirm this observation, 
the patterns of scores within each task, except one*, are very 
similar for both developmental groups. The exception is the post- 
instruction task in Lesson III. None of the high M-spac« children 
were completely successful cit^ this task, although nine chil^wm 
vere partially successful* 
Description of Measurement Strategies 

The measuring .strategies which children used to comple.te each 
task were recorded and assigned a number using the coding scheme 
detailed in Appendix E. In order to gain an understanding of how 
children viewed length and linear measurement, an attempt was 
made to characterize the strategies used by children in each deve- 
lopmental group on the ^ost-inalruction tasks « A complete list of^ 
the strategies used by each developmental group on each .post- 
instruction task is given in Appendix G# 

Lesson One * The post- instruction task in Lesson I required 
children to construct a second, moveable building equal in height 
to a first building using an intermediate representation (see 
Appendices C and D for complete descriptions of all tasks). Per* 

r 

ceptual solutions were difficult since the second building was 
situated on a hill. The two most frequently used strategies were 
a correct strategy, in which the height of the first building was 
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represented on the strip and then this representation was used 
to adjust the height of the second building, and an incorrect 
strategy in which the strip was laid horizontally and the second 
building was Bade "just as high in the sky." Both of these 
strategies were used by at least some children in each cell of 
the developmental level matrix. The incorrect strategy reveals a 
misconception of length which identifies equivalent lengths as 
thi alignment of only one pair of endpoints. This misconception 
was evidenced by both high and low developmental children. It 
is possible, of course, that children simply did not understand 
the directions of the task. This problem was minimized, however, 
by using phrases "just as big" and "just as much room inside" 
rather than "just as high." and by demonstrating the meaning of 
these directions on a preceding problem. 

From a logical ^rspective, transitive reasoning is involved 
in applying a correct ineasuring strategy in this task. The inter- 
mediate representation is used to indirectly compare the heights 
of the two buildings. However, eight of the 16 preoperational 
^iUildren used this kind of strategy. Even though these eight 
children failed the length transitivity task, they were able to 
apply a measuring strategy which would seem to involve this kind 
of reasoning. 

In summary, it is difficult to distinguish between the 
developmental groups in terms of the strategies used on che Lesson 
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I pd»t-initruction .task. Both low and high developmental children 
used both unaucceisful and successful strategies. Consequently it 
is difficult to identify the role played by the developmental 
abilities in mastering this task. 

Lesson Two . The post-instryctlon task in Lesson II required 
children to construct a straight path equal to a polygonal path 
using a collection of Culsenaire rods. Two strategies, one correct 
and one incorrect, were used taost frequently. The correct strategy 
involved matching a selection of Cuiscnaire rods with the given 
path and then laying them out to make the required straight path. 
The incorrect strategy was a simple perceptual solution in which 
the straight path was made to "look just as long" as the polygonal 
path. The correct strategy was used by at least some of the 
children in all four developmental groups. The incorrect strategy 
.was used by at least some children in all the developmental groups 
except for the high PiagetiaT>— high M-space group. All of these 
eight children employed some kind of matching strategy. 

A particular kind of error » which may signify an ov^r-confi- 
dence in measuring ability, was committed only by high M-space 
children. This partially successful strategy involved matching 
rods with the given path but only in approximate and less than 
careful fashion. ^ 

As before, it is difficult to completely characterize the 
measuring strategies used within developmental groups, or to 
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distinguish between developmental groups. In other words, it 
is difficult to identify the. effect which the developmental abil- 
ities had on children's measuring strategies in this task. It 
is clear, however, that even low developmental children .cquld . 
apply appropriate strategies to solve the task. 

Lesson Three , The post-instruction task in Lesson III re- 
quired children to construct a second length equal to a first 
length by using unit iteration. A single Cuisenaire rod was 
provided 1eor measuring? an accurate measuring technique had been 
demonstrated on the instruction problems. 

Tbe majority of children solved this task using some form 
of unit? iteration. However, only six children were completely 
-successful'! the rest achieved an inaccurate solution due to some 
problem with the measuring technique. The most striking result 
was that all- six of these successful children were low H-space 

children— noL one of the high M-space children was completely 

I 

. successful on this task. The preponderance j of errors made by 
the high H-space children were technique-oriented. Although an 
accurate technique had been demonstrated and practiced during 
the lesson, 11 of the 16 high M-space children used aa approx- 
imate or careless form of iteration on the post-instruction task. 

As in the post-instruction task in Lesson IX, a simple 
perceptual strategy was used by at least some of the children in 
all of the developmental groups except for the high Piagetian— 
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high M-space group. While none of these eight childten were cost 
pletely successful, seven of them suffered only from a technique- 
based problem. 

. The remaining three cells of the developmental matrix were 
;aore difficult to characterize. Both low M-space cells contained 
children who used the most primitive strategies- and children who 
used^he most complete and accurate strategies. The logical 
reasoning abilities apparently had- little effect on which mea- 
suring strategies children used. 

Lesson Four . The post-instruction task in Lesson IV re- 
quired children to construct a straight path equal in length to 
a polygonal path using unit rods of shorter length. The polygonal 
patjM'as constructed with 7 cm. Cuisenaire rods and the children 
w^e given a collection of 5 im. Cuisenaire rods. Two strategies 
were used most often on this task, one correct and one incorrect. 
The correct strategy required attention to both unit number and 
unit size, and consisted of laying out more short units to com- 
pensate for their smaller size. The most frequent incorrect 
strategy resulted from attending to only one dimension, unit num- 
ber, and laying out "just as many" short units as there were long 
units. 

While M-space did not seem to affect children's strategies on 
' this task, logical reasoning abiliTT^tti. seem to haVe a definite 
effect. Thirteen of the 16 operational children attended to unit 
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size as veil as unit number in their solutions. In contrast, only 
two of the 16 preoperational children attende^ to both dimensions 
in th'eir soli4tions. Both of these children wef^ found to be 
in the transitional stage on the posttest Piagetian tasks. 

Three of thPl3 operational children who attended to unit 
size did not achieve a complete solution, but rather used a 
strategy which ccald be classified as transitional between re- 



cognizing only the number dimension and coordi^iat^l^ both dimen- 
sions of number and *size These three children recognized the 
difference in unit size but did not account for the sum of these^ 
differences. They suggested that a oad with the 'same numl 2r of' 
short units was the best solution given the materials, but that a 
completely accurate solution required the addition of "a little 
piece" equal in length to the dif*f erence of one pair of units 
(I.e., 2 cm). 

Two strategies were used most frequently by the preopernti na. 
children. Seven of the eight low M-space children used a simpl ■ 
counting strategy and laid out just as many s^ort rods as there 
were long ones. Four of the eight high M-space children con- 
structed their road so that the endpoints of the two roads wre 
aligned, i.e., they ignored the polygonal path of the first road. 
This solution required fewer short rods than long ones and was 



in soiae sense more primitive than the nianba: strategy. 
Effects of Instruction Problems on PosL-Inskruction Tasks 

Each of the instruction lessons involved several instruction 
problems and a post-instruction task. The instruction problems 
focused on a single skill or concept and the post-instruction task 
represented the integration these individual skills and con- 
cepts. Failure on the post- instruct ion task can be viewed as the 
result of a failure to master one or more of the prerequisites or 
as a failure to integrate them. Table 12 accounts for all fail-- 
ures on the four post-instruction tasks in one of these two ways. 
For purposes of table construction, "failure^^ was considered to 

be anything less than mastery (i*e., a score of 0 or 1 on a given 

f 

problem or task). 'r 

The pattern of performance between coWnns is not markedly 
different. The high M--space group evidenced almost as much 
difficulty as the low M-^space group in integrating the individual 
skills ot'^^concepts mastered during instruction. 

A com^rison of row performance suggests that a greater ^ 
proportion of failures within the low Piagetian level group in- 
volved failure on prerequisite skills or concepts. As the 
analyses in Appendix A illustrate, some of these skills or con- 
cepts made ^^rect demands on^the logical reasoning abilities of 
conservation and transitivity. ^ 

Only in Lesson IV did the majority of failures on the post- 
instruction task involve mastery of all the prerequisites and a 
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Table 12 

Failure on Post-Instruction Tasks 
in Terms of Prerequisite Skill Perforaarrce 




Logical 

Reasoning 

Ability 



Information Processing Capacity 
High 



Low 



High 



Low 



A. 10 

B. 9 


A. 10 

B. 8 


A. 18 

B. 4 


A. 14 

B. 9 



A. Fail one or more instruction problems (prerequisites) 
^nd fail post-instruction task 

B. Master all instruction problans (prerequisites) and fail 
post-instruction task 



Table entries represent total number of occurrences 
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failure to integrate or apply theot This was in spite of the 
fact that the instruction problems required a recognitioa of the 
principle upon which the post-instruction task was basea. Kany 
children were able to verbalize the inverse relationship between 
imit number and unit size and recognize this principle in 
facilitating conteacts, but were not able to apply the principle 
to solve the post-instructioa task. 
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Chapter VI 
DISCUSSION 

The primary purpose of this study was to examine the effect of 
several logical reasoning abilities and an infonaation processing 
capacity on children's aiatherisatics learning. The specific question 
of interest was: How do these developmental abilities affect 
children's ability to learn certain basic concepts and skills of 
linear measureaent? A secondary purpose of the study was to ex- 
plore the xnediational role in this learning process of recognizing 
and resolving cognitive conflict. Is the ability to recognize and 
resolve conflict in a i^i^fning situation related to developmental 
level, and does this ability facilitate the learning of measurement 
concepts and skills? The first section of this chapter will pro- 
vide some interpretation of the results with respect to each of 
these questions. The second section of the chapter will outline 
several limitations of the study, and the final two sections will 
suggest some implications of the study — for instruction and foi 
future research. 
Interpretation of Results 

Logical reasoning ability . The logical task analysis carried 
out prior to instruction suggested that some of the measurement 
tasks on which children were instructed made significant demands 
on the ability to conserve length anvi reason transitively, and 
other measurement tasks did not. Differences between 
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preoperational and operational children were predictc<J^on, the former 
set of logical-mathematipai tasks but not on the latter set of 
technique tasks. The resul^ supported these predictions. 

Therefore, the ^ility to conserve and reason transitively 
did seem to affect children's learning of measurement. Furthermore, 
this effect was^ specific to certain concepts and skills. In other 
words, the Piagetian concepts of conservation and transitivity 
affect children's mathematics learning, but this effect depends on 
what is being learned. The distinction between technique-based 
tasks and logical-mathematical tasks seems to be a productive one 
in this regard. Children who possessed the logical reasoning 
abilities performed significantly better on the logical-mathematical 
tasks but not on the technique tasks. The implication of this 
result is that relationships between these logical reasoning abil- 
ities and learning mathematics concepts are specific rather than 
general. Certain Piagetian notions affect the ability to learn 
particular kinds of logically related mathematical concepts, but 
do not necessarily predict children's performance on all mathe- 
matics! tasks. This conclusion is consistent with the synthesis 
of previous research presented in Chapter III, and helps to 
explain the conflicting results of earlier studies (compare, for 
example, Mpiangu & Gentile, 1975 with Steffe et al.. Note 6). 

The descriptive d^ta, which foeused on within-group performance 
on the measurement tasks, suggest a further refinement of this 
interpretation. The way in which the logical-reasoning abilities 



171 



affected perionaance on the me.isuroaont task* ncemoa to difff-r, 
even within the set of logical-ma theaatical tasks. Although the 
mean perforaance of the operational group exceeded the mean per- 
formance of the preoperational group on every logical-tnathematical 
task, only the post-instruction task of Lesson IV was beyond the 
learning capabilities of the preoperational children. That is, 
at least some of the low Piagetian-level children were able to 
master most of the logical-mathematical tasks. Even though these 
children failed to conserve or reason transitively on the Piagetian 
tasks, they were able to carry out measurements which, from a 
logical perspective, required conservation or transitivity. Fur- 
thermore, the strategies which they used to measure logically re- 
quired the application of these principles, 

' This finding illustrates the difficulty of developing a 
logical task analysis which matches the child's analysis of the 
task. The analysis of the post-instruction task in Lesson I, for 
example, included transitivity as a logical prerequisite. However 
some children who failed the transitivity task were able to com- 
plete this measurement task successfully. Obviously, the appropri- 
ate measurement strategy did not require the form of transitive 
reasoning which had been expected. Carpenter (in press-a) suggests 
that this kind of result, further demonstrates the fact that chil- 
dren's logic is not congruent with adult logic. Children who do 
not possess conservation or transitivity are also incapable of 
reasoning that the absence of these abilities should have any 
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consequences for their measuring behavior. 

It may have been M>at the measuring skills which were taught 
during the lessons provided the children with techniques which 
allowed then to circumvent the logical concepts involved. In 
other words, children were able to learn and apply a measuring 
skill without thinking about the logical basis for its use. 

Whatever the explanation for these findings, they do point 
out the deficiencies of the logical task analyses developed for 
this study. The results suggest that it may b^ difficult, in 
general, to carry out an adequate a priori task analysis. The 
observations of children's solution processes is suggested to be 
an essential part of any analysis which attempts to identify 
the component skills or concepts required to master a particular 
task. 

One of the most striking results of the study was Xhe poor 
performance of the preoperational children on the post-instruction 
task of Lesson IV. Only two of the 16 children scored above 0 
on this task, and both of these children were found to be in 
transition towarH concrete operations on the Piagetlan post-tasks. 
Clearly, the logical reasoning abilities had a more pronounced 
effect on children's ability to master this task than they had on 
previous tasks. 

An important difference between the Lesson IV post-instruction 
task and most of the other logical-mathematical tasks was that it 
required no new measuring technique for so^lution. Whereas the 

/ 
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first three lessons included instruction on a measuring skill 
or technique which was needed to complete the tasks. Lesson IV 
focused on the logic of the inverse relationship between unit 
number and unit size. No new measuring technique was taught. 
It may have been that the preoperational children were not able 
to improve their understanding of this logical concept, and without 
a measuring skill or technique to compensate for thl^s-iack of 
understandiiig, they were unable to improve their performance on 
the task. 

There is also another way to interpret these results. 
Carpenter (1975) notes that applying the inverse relationship 
between unit number and unit size to s^lve a measurement task re- 
quires the simultaneous coordin? , two dimensions— number 
and size. In more general terms this requires an ability to de- 
center, to attend to several aspects of the prolilem at once 
rather than centering on only one dimension. This developmental 
ability, frequently emphasized by Piaget (1952, 1960; Piaget et al. 
1960), is' also required to complete the conservation and transi- 
tivity tasks. In this sense, the two Piagetian tasks and the 
post-instruction measurement task in Lesson IV are structurally 
similar. This similarity may have accounted for the near perfect 
predictability of performance on the measurement task from 
Piagetian operational level. 

The results of this study further indicate that the 



decentering process required to complete these tasks is not ac- 
quired by specific instruction. The status studies of Carpenter 
(1975) and Carpenter and Lewis (1976) demonstrated that even 
though children recognize the inverse relationship between unit 
number and unit size, they are unable to coordinate these two 
diaensions in solving a conservation-type problem. The results 
reported here extend these findings by showing that, if children 
do not already possess this decenterijng ability (as measured by 
conservation and transitivity), they. do not acquire it with specii 
instructional experiences. The descriptive data indicated that 
the majority of children who failed the post-instruction task had 
mastered the instruction problems. They had therefore learned to 
, recognise that more of the smaller units were needed to measure a 
given lenjjth. But they were unable to use this information and 
coordinate these dimensions- in constructing the required length. 

Carpenter and Lewis (1976) hypothesize that "children do not 
develop the notion of the inverse relationship between unit size 
and number of units through experience measuring with different- 
sized units" (p. 57). The results of this study support this 
hypothesis. To the extent that measurement problems require the 
ability to decenter attention and coordinate several dimensions 
simultaneously they are unaffected by specific experiences in 
measuring. The ability to solve them seems rather to depend upon 
the development of basic cognitive abilities. 
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Information processing capacity . The results of this study 
indicate that information processing capacity, as measured by 
backward digit span» has no detectable effect on children's 
ability to learn measureaent concepts and skills. The taeasure did 
not effectively discriminate between those, children who mastered 
the measurement tasks and those who did not. Perfomiance on the 
set of tasks where significant between-group differences were 
predicted showed that, while there was variation, in these scores, 
the factor of information processing capacity account>K£2r 0% 
of the variation. Where significant between-group differences were 
found, they were in the "wrong" direction on a logically unre- ■ 
lated set of tasks. Low M-space children performed significantly 
better than high M-space children on the technique-based tasks. 
This result is difficult to explain and simply serves to rein- 
force the nonproductive nature of. this measure in the present study 

Several problems accompanied the attempt to apply this re- 
latively recent advance in cognitive psychology to the complex in- 
structional setting ejnployed here. Thes^e problems are basic ones 
and may explain the disappointing perf orinance of the M-space con- 
struct. One of these problems is developing analysis procedures 
to determine the M-spac'd\demand of mathematical learning tasks. 
The studies reviewed in Chapter III indicate that M-space docs 
predict performance on a variety of laboratory-type tasks— tasks 
for which it is possible to specify M-space demand . Thi^kind of 
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analysis requires an identification of the strategies which can 
be used to coiaplete the task and a specification of the information 
processing capacity needed for the application of each strategy* The 
capacity required to apply a particular strategy pust be determined 
from the child's point of view. It depends upon the sub-strategies 
which the child already has available, the familiarity of the task 
stimuli, the way in which the child approaches the task, etc. For 
artificial and novel tasks ^ this analysis can be carried out with a 
high degree of precision. However school mathematics tasks are much 
more complex and ate- confounded with previous experience. A given 
strategy may therefore make different demands on different children. 
Because of these problems it was not possible to carry out this 
kind of refined analysis on the measurement tasks used in this study. 

An alternate approach to analyzing the M-space demands of 
instructional tasks is suggested by Case (1975), This involves 
a logical task analysis and a specification of individual pre- 
requisite skills or concepts* M-space is treated as an integration 
capacity and the M-demand of a particular task is determined by 
the nujnber of individual skills which must be combined to complete 
the task. In this study, prerequisite skills were specified for 
each post-instruction measurement task. The instruction problesis 
focused on individual prerequisite skills or concepts' and the post- 
instruction tasks represented the integration of these prerequisites. 
Therefore it was assumed that the post-instruction tasks would place 



177 

a higher ifecaand on children's M-space. Consequently, high M-space 
children wore expected to be more successful on these tasks than 
low M-spa, e children. This was clearly not the case. The fact that 
many low M-space children mastered the post- instruction tasks sug- 
gests that the M-space deiaands of these tasks did not exceed their 
capacity. Low M-space may have been sufficient to complete both 
the instruction problems and the post-instruction tasks. The descrip- 
tive data support this hypothesis. Low H-space children had no more 
difficult V than high M-space children in putting together previously 
mastered ^prerequisite skills to complete the post-instruction tasks. 
FurthermtuG, the low coefficient of internal consistency for the post- 
instruct hm tasks (.22) suggests that this analysis procedure did 
not succi-a in identifying a homogeneous set of tasks. 

A sftond fundamental problem encountered in applying the 
M-space notion to an instructional context is one of identifying 
an approiM tate measure of M-space. Backward digit span has been 
frequent Iv used in the past (Case, 1974a, 1977; Lawson, 1976; 
Parkinson. 1975) and was used in this study. Intuitively, it is 
a valid nuMsure since it requires two abilities which make up 
the M-spa»(-. construct: short-term memory and an information 
operation or transforming element. The numbers in the task not 
only havi- lo be held In mind p. they have to be held in mind while 
operating on them in some way. 

Basfcf^ on this analysis, the backward digit span task seems to 
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have a degree of face validity. However > it may not be a pure 
measure of M-space, The subjects in this^situdy evidenced soiae 
variabl^ty on the 3-digit trials indicating the presence of some 
measurement error, Ifie task may measure other attributes in addition 
to M-space* Although the amount of error is considered to be si&all, 
some subjects may have been misclassif ied. This introduces vithin- 
group error variance and reduces the likelihood of finding signi'- 
ficant between-group differences. 

An additional and fundamental question is whether a single 
gener«4l measure of M-spa'^e is appropriate. Recent work by Case and 
associates (Case, Kurland, & Daneman^ Note IS) suggests that it may 
be very difficult to construct a general measure of M-space which 
will predict performance on a wide range of tasks. The data indf^fe 
that task variables, such as stimulus familiarity, may be more 
important than previously supposed in determining the M-space demand 
of a particular task. "Operational. efficiency'* is suggested to be as 
critical as M-space in predicting performance on a given task. 
Since operational efficiency depends on task variables and on the 
subject's available schemes or mental processes, the ability to 
apply a certain processing capacity will change from context to 
context. In this study, children who evidenced a high capacity 
on the backward digit span task may not have been able to apply 
this same high capacity to solve the taeasurement tasks, or 
children who were low on the backward digit span task may have 
had a high capacity within the measurement context. Clearly, the 
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notion of operational cffiri<^nt^v viU npf.^ t ^p ^r.^Mint^^^ f.^v 
in future attempts to develop measures of information processing 
capacity or M-space which have predictiv^ validity . 

The theory, of M-space is intuitively promising. Many 
instructional tasks require the ability to combine several pieces 
of information ia synthetic fashion rather than treating each 
piece independently. As a measure of this ability, the notion of 
M-space represents a fundament*! cognitive capacity. Its useful- 
ness in educational contexts, however, depends upon the possibility 
of developing an analysis procedure tO' specify the M-demand of 
complex learning tasks and a single (or multiple) measure of M-space 
which would predict children's performance on a given set of tasks. 
The results of this study suggest that additional basic research is 
needed before this will be achieved. 

Significant results were obtained in this study with respect 
to logical reasoning ability but not with respect to information 
processing capacit^^. The difference in the productivity of these 
factors can be. explained in part by the difference in ttipir 
theoretical and empirical bases. .A wealth of research^ exists 
within the Piagetian tradition which suggests important refine- 
ments in applying Piagetian constructs to educational settings. 
A similar research base has not yet been developed for the 
. notion of M-space. Such a foundation may be needed before this 
construct can be usefully applied to instructional contexts. 
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Recognition and resolution of conflict . The cognitive conflict 
situations which were used in this Study were relatively sample 
situations which represented modifications of those used by Inhelder 
et al. (1974) • This form of conflict was selected for the study 
because of its instructional effectiveness In measurement situations 
(Inhelder et al,, 1974; Carpenter & Hiebert, Note 2), and its 
usefulness in soliciting responses from subjects which indicate 
their understanding of the measurement . concepts. Since the study 
employed only this one form of conflict, the results should not 
be generalized to other modes of cognitive conflict. Appropriate 
caution must therefore be exercised in interpreting the results. 

Two qif^stions were of interest in this study with respect to 
the role of recognizing and resolving cognitive conflict in learning 
measurement concepts. One was whether this ability was available 
only to the high ^developmental level children, and the second was 
whether this ability was an injportant one in learning measurement 
concepts and skills. 

The first question was answered negatively. Low developmental 
level children were able to recognize and resolve conflict, and 
the degree towhich they did so did not differ significantly from 
the high developmental children. Thi? docs not mean that the 
ability to deal with cognitive conflict is unrelated to develop- 
mental level. It only indicates that , given the way in which 
developmental level and conflict resolution were operationalized 
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in this study, the capabilities of even the low developmental 
children were Hufficicnt to recognize and resolve the specific 
conflict IntroH^^d during instruction* 

The second tjuestion vas answered in a more positive way. 
The ability to ti^cogti^ize and resolve* conflict was found to account 
for a significant percentage (20.7%) of variation in children's 
measnrement perlonnance. Children who successfully dealt with 
the conflict situation were better able to improve their perfo'rm-- 
ance on the powt -Instruction tasks. 

Some additional caution must be exercised in interpreting the 
results with ronpect to cognitive conflict. One advantage of 
clinical-type studies is the collection of observations gathered hy 
the investigator which supplement the quantitative data. \^hile 
these observatWnts suffer from subjectivity and cannot be analyzed 
statistically, {hey do provide some insight into the phenomenon in 
question. In this case, these anecdotal observations suggest that 
the notion of coj^nitive conflict employed here Is a difficult one to 
operationalize wtthin the instructional setting and is a difficult 
one to measure. While many children were quite successful in 
explaining why iUfferent measurements were obtained, it was not clear 
hether cognlt{v0 conflict (in the Piagetian sense) had been 
generated or rt-ru^ived. That is» it was difficult to assess whether 
some form of tntMii.il re-structuring had occurred. 

The procesri of recognizing, and resolving conflict Is internally 
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ntroUed. . Children engage in this process vhen they perceive 
soiae conflict between their observations and their internal con-* 
ceptions. It is difficult to create external situations which 
automatically trigger this process, and it is difficult to know * 
when it is occurring. Additional work is needed in refining this 
notion of conflict and in operationalizing it within instructional 
settings « 

Limitations of the Study 

Several limitations of the study have already been noted in 
the previovis section » particularly with respect to the treatment 
of the M-space notion. Other limitations exist and will be 
described here. 

Several characteristics of the sample gelection procedure 
limit the Interpretation of the results. First, children were 
excluded from the sample who were transitional with respect to 
their cumulative performance length conservation and length 
transitivity. That is, children who passed length conservation 
but failed length transitivity, or vice versa, were excluded. 
This means that it was impossible to determine whether. the effect 
of the logical reasoning abilities was due to either of these two 
abilities individually, or to an interaction between them. 
Furtlier research must be conducted to isolate the effects of these 
individual abilities. 

A second characteristic of the sample whicji must be considered 
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"wTs the bias introduced by selecting an equal number of subjects 
for each cell of the 2 X 2 developmental level matrix. This pro- 
duced an orthogonal design with respect to logical reasoning 
ability and information processing capacity. To the extent that 
these two factors are related in the population, the sample 
used in this study was unrepresentative. If, for example, there 
is a high correlation Between length conservation/ length tran- 
sitivity and backward digit span, then the high processing 
capacity/low reasoning ability and low processing capacity/high 
reasoning ability .cells "were over-represented. However, the 
lack of interaction effects between these" two factors Indicates 
that this unrepresentative narture of the sample need not inter- 
fere with the interpretation of the results with respect to the 
main effects. 

A third characteristic of the sample also affected its 
representative nature. The three schools from which the sample ■ 
was drawn did not contribute equally to each cell of the develop- 
mental level matrix. For example, one operational child and eleven 
preoperational children were drawn from one of the three schools. 
This unequal distribution reflects the fact that the majority of 
first-grade children in this school were at a low devslopmental 
level with* respect to the logical reasoning abilities. A larger 
proportion of the children in the other two schools were at a 
high developmental level with respect to these abilities. This 
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difference is possibly a function of the socio-economic status 
represented in the different school neighborhoods. 

The assumption of this study was that the effects of socio- 
economic status and home experience were mediated through the 
specific factors of cognitive development which were employed. It 
was assumed that, given a particular instruction procedure and a 
particular level of prior knowledge, the factor which most .directly 
affected children's mathematics learning was level of cognitive 
development. Consequently, external variables such as socio- 
economic status and school raemebership were not included in the 

design. / 

An additional limitation of the design was the inclusion" of 
transitional children with respect to information processing 
capacity. Children were classified as having a span of two or 
less digits, or a span of three or more digits. While the dif- 
ference between & span of two and a span of three is quite sub- 
stantial—theoi'etically it represents the difference of two 
developmental years (PascuaKLeone, 1970) — the scoring criteria 
arbitrarily sorted the transitional cases into one of the two 
categories. A selection procedure which would have identified 
and excluded transitional subjects would have yielded developmental 
groups which differed to a greater degree in information processing 
capacity. 
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Although such a procedure vould have produced a design more 
sensitive to the effects of processing capacity, the data indicate 
that increased sensitivity would not have altered the findings .- 
Since not even a trend was detected, it is doubtful that eliminating 
some random variance would have produced substantially different 
results. Furthermore, the high degree of stability of this factor 
demonstrated on the posttest suggests that only a few children were- 
in a transitional stage. Therefore, it is believed that this 
limitation did not seriously affect the results. 

Another limiting characteristic of the sample was the re- 
striction to a single age group or. developmental period'. Since 
new developmental stages bring qualitative changes in int|llectual 
abilities, they may also bring changes in the relationships between 
learning and development. Different relationships may exist with 
children of (different ages and different developmental status. 
Consequently, the results of this study should be interpreted 

« 

within the context of the particular age group used here. 

This limitation is not overly severe, however, since the 
intent of the study was not to answer all of the questions of ^ 
learning and development, but rather to investigate relationships 
between specific developmental abilities and specific mathematical 
content. Therefore the study was purposely restricted, not only 
to a particular age group, but to particular developmental abilities 
and particular mathematical concepts within that age group. 
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Coasequently, the interpretations should not only be restricted 
to a particular age group, but also to the specific deveiop- 
' mental abilities and mathematics content used here. 

A final set of potentially limiting factors relates to the 
instruction procedure used* Several characteristics of the in- 
struction procedure restrict its generslizability to other in- 
structional settings. These were outlined in the last section of 
Chapter I and could be summarized by saying that this was not a 
study on instruction. It is not clear how other instruction pro- 
cedures would have affected the results. It is traipting to say 
that conventional classroom instruction would not remove the 
specific constraints of development found in this study, but 
this is an empirical question. 

One instructional issue requiring clarification which affects 
the internal validity of the study concerns the standardization of 
instruction. To what degree did all children receive the same 
instruction? This question is important since the interpretation 
given to the results depends upon attributing differences in per- 
formance' to differences in development rather than to differences 
in instruction. 

Completely standardized instruction was precluded by the 
individualized setting and the differential feedback given by the 
experimenter t Nevertheless , the instruction time and the opportun- 
ity to learn was maintained as constant as possible across subjects 
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All subjects received the same tasks, all subjects were required 
to deal with conflict situations in each instruction problem, and 
all subjects were given the same opportunity to practice the newly- 
learned skills. Consequently, it was assumed that differences in 
performance did not result tr<m differences in 'instruction. 
Implic_at ions for Instruction 

Mathematics instruction which is truly individualized must 
provide each student with appropriate mathematical tasks. The 
intent of this study was to investigate whether certain cognitive 
developmental abilities could be used to help determine "appropri- 
ateness." Presumably, mathematical concepts' or skills which logi- 

i 

cally require certain reasoning abilities or processing capacity 
are beyond the learning capability of children who have not yet 
developed these abilities. This assumption represents one of the 
most fundamental implications of cognitive developmental psychology 
for the design of mathematics instruction. The present study is 
one of the few to carefully test the assumption. 

Caution must be exercised, however, in drawing implications 
from this study for general mathematics instruction. Only one 
instructional procedure was used, and it differed in significant 
ways from conventional classroom instruction. It is not known 
how other kinds of instruction would have affected the results. 
In addition, the study focused on only several developmental 
abilities and on a limited set of mathematical concepts. and skills. 
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Different rclaCionships may exist between other developnental 
abilities and different natheoatical content. To the extent that 
the following observations move beyond these limitations they 
should be regarded as hypottieaes rather than conclusions. 

1) The logical reasoning abilities identified by Piaget are 
required to learn certain kinds of ffiathematic«il concepts* 
Children in this study who did not yet conserve length or reason 
transitively were not able to use the inverse relationship between 
unit nussber and unit size in measurement contexts. Presumably ■ 

r 

conservation and transitivity represent fundamental reasoning 
abilities which are needed to deal with certain nathenatical ideas. 
Furthermore, the constraints imposed by the absence of these abil- 
ities are not removed by specific instruction. Although direct 
training was provided on similar tasks, the preoperational chil- 
dren did not improve their performance on the final task assessing 
their understanding of the inverse relationships between unit num- 
ber and unit size. 

2) The effects of these ld|ical reasoning abilities on mathe- 
matics learning are specific rather than general. In fact, per- 
""formance on Piagetian tasks appears to predict performance on only 
a narrow range of cloaely related mathematical tasks* Consequently, 
Piagetian tasks do not appear to be useful as general measures of 
learning readiness. In this study, conservation and transitivity 
were found to have no significant effect on learning many 
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natheoatical tasks. For example, children who had not yet deve- 
loped these abilities performed as well as hig^Tdevelopmental chil- 
dren on the skill or technique-oriented tasks, and they were able 
to learn some of the logical-mathematical tasks. 

3) A careful task analysis can be used effectively to 
identify the oathcmatical tasks which depend upon Piagctian 
logical reasoning abilities. In this study, tasks which diS not 
make heavy demands on conservation and transitivity and which were 
skill-oriente were learned equally well by both developmenlrajl 
groups. Tasks which logically required these abilities but which 
involved the applicatioa of a learned measuring skill were mastered 
by some, biit not all, of the low developmental children. Tasks 
which logically required these abilities and did not involve a 
skill component were not maste-ed by the low developmental chil- 

i 

dren. Clearly, different types of tasks made different demands 
on the students' learning capabilities. An analysis of tasks 
along these lines is apparently a productive way to determine the 
appropriateness of the task for an individual learner. 

Ay The notion of M-space as measured by backward digit span 
has no immediate application to instructional swings. It is 
not clear what effect, if any, this capacity has on children's 
mathematics learning. Further research, as outlined in the next 
section, will net>d to refine this construct before it can be 
usefully applied to the selection of appropriate mathematical 



0.: 



ERIC 



190 

\ 

coatent • 

5} The problems associated with measuring the ability to 
recognize and resolve cognitive conflict make it of limited use 
as an independent variable in classroom settings. Although this 
ability did discriminate to a significant degree between thos^ 
children who mastered the measurement tasks and those who did nott 
it is not proposed as a useful readiness measurei It was dif fi^ 
cult to create situations which induced true cognitive conflicts 
and it was difficult to assess when such conflict was occurring. 
Uhile this construct may be effectively employed In further re- 
aearchv it is of limited use as a readiness measure In the class** 

\ 

room. 

Implications for Future Research 

The results of the study Indicate that relationships do exist 
between cognitive development and ability to learn mathematics, 
but that these relationships are specific to individual abilities 
and logically related or structurally similar mathematical tasks. 
Searching for a single, general measure of development , which will 
predict children's performance on a wide variety of mathematical 
tasks may be a futile endeavor. However systematically documenting 
relationships between particular developmental abilities and 
learning logically related mathematical concepts will begin to 
build the ^^llnklng science" which Glaser (1976)' liad In mind. Such 
research will, in a cumulative way, establish a store of 

1 



\ 



191 
« * 



infomation about the effects of cognitive development on learning 
mathematics. This information can ultimately be used as a basis 
from which to select mathematical content which is appropriate for 

- « 

Individual children. 

Two lines of research will extend the findings of this study 
« 

and jntribute to linking cognitive developmental psychology to 
the design o£ mathematics instruction. First, relationships between 
developmental abilities and matheraatics learning need to be gstab- - 
lished in other content domains. The work of Steffe et al. (Note 
6) on early .number concepts represents a^ step in this direction. 
Second, the eifects of various instructional trek^ents on these 
relationships need to be investigated. Only one kind of treatment 
was used in this study. Further research shoifld document the 
effect of other kinds of instruction on the relationships reported 
here. 

A major contribution of the present study was the demonstra- 
tion of thefype of J>rocedurc which can be used to establish re- 
lationshtjni between developmental abilities and mathematics 
learning. Future research should take into account the follow- 
ing observations. 

The analysis of learning tasks is an important component of 
a succea^ful procedure.^ In this. study it was possible to carry 
out a detailed analysis of the ditsn^ids made by each task on the 
logical* reasoning' abilities of conservation and transitivity* 
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This analysis successfully identified a set of tasks on vhich 

developmental group differences occurred • The analysis of 

tasks in terms of their information processing demand was conducted 

atj^a much lower level of specificity. This relatively super^ 

ficial analysis did not successfully identify a corresponding 

set of tasks on which between-group differences occurred • A fine- 

grained task analysis t like the one conducted for the Piagetian 

variables I may be the key in uncovering the relationships which 

es^ist between .particular developmental abilities and mastering 

mathematical tasks. Unf ortunately^ this level of analysis was 

not possible for the information processing variable In the pres^ 

"ent study due to the lack of knowledge about the information 

prxScessing demand of complex mathematical tasks. Further research 

is needed within the -psychological domain to identify the factors 

L«hich affect the processing demand of various school mathematics 

tasks. Work on verbal learning by-Kintsch and associates 

(Kintschi Kosminskyi Streby^ McKoon, h Keenan, 1975 j Ki.ntsch & 

van Dijk, 1978) and on general cognitive tasks by Sternberg 

(1977) suggest possible approaches to this problem. 

A logical analysis is not the final step in specifying task 

demands. The results of this study showed that these analyses do 

not always match children's performance. Tasks which logically 
» 

required certain reasoning abilities were successfully completed 
by some children who had not yet developed these abilities. 
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Observations of the strategies children use ta solve the tasks 
are essential in understanding the demands which a given task 
places on individual children. Analysis of these strategies in- 
dicates what, is, required, from the children's viewpointt to com- 
plete the task. i ^^-.s^^^ 

Another important component of a methodology designed to 
investigate relationships between ^development and mathematics 
learning is the selection of context-specific measures of cognitive 
development* In this study, length conservation and length 
transitivity were used successfully to investigatt^^^the learning 
of linear measurement. Both the developmental tasks and the 
learning tasks dealt^witji the attribute of length. Perhaps the 
importance of context-specificity acknowledged by Piaget (1972) 
for the formal operational level applies to other developmental 
periods as well* Cognitive tasks must be framed in the same 
context as the set of tasks on which performance is predicted. 

The context ot the task may be equally important for mea- 
suring information processing capacity. The nonsignificant re- 
sults of this study with respect to this factor may have been 
due in part to the fact that information ^processing capacity was 
B&B^^^ti^ using a number task while children's, learning was 
^ assessed within a measurement context. The recent work of Case, 
Kurland, and Daneman (Note 18) points to the importance of using 
task atinuli which are similar to those in the tasks on which 
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performance is predicted. Further researcii is needed to identify 
measures of infonnation processing c^tpacity which are specific to 
a given content domain • 
^ Conclusion 

A popular tradition or belief within the mathematics education 
community is thatnrhildren^s level of cognitive development 
affects their ability to learn mathematics* The results of the 
present study indicate that the tradition^ is justified, but only 
in part. Certain developmental abilities affect the learning of 
certain mathematical concepts, and £his effect is evidenced in 
different ways# For some concepts the abilities appear to be \ 
essential^ for others they are only faciiitative, and for still 
others they are irrelevant. The complexity of these relation-- 
ships underscores the futility of searching for general develop- 
mental measures which will predict performance on all mathematical 
tasks. Relationships are specific/ and future research should 
be designed to systematically establish these relationships. 
Only with this bank of information can developmental differences 
between .children be used effectively to select appropriate 
mathematical content. v- 
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Analysis of Fost-^Instruction Tasks 



Lesion I 



Construct m' 2nd Icnsth equal 
Co m 1st using a continuous 
rsprssentstioa. 



FroblcxB 2 




Post-instruction tm^k 



Problsa 1 



Compare and order 2 
lengths using an In- 
teroediate continuous 
representation. 



Construct a contin- 
uous representation 
of the length of a 
given objej^.* 



Transitivity 
of length* 




Froblens 1 & 2 



Technique' of using 
finger or pencil 
to &ark endpolnts* 



CoQpare directly and 
order 2 objects by 
length* 



Length conscr^ 
vation: change 
of position. 




Relational 
tcnss: longer, 
shorter 
(length) « 



Line up, end- 
points, i*e*, 
establish 
baseline* 



Identify lengt^h 
as an attribute 
of objects: dis- 
tance bet. endpts. 



Equivalence of 
2 lengths. 




Kelat tonal 
"fere; sane 
(length). 



These prerequisitet were 
mmB^M%%d in the pretest 
as part of the develop&ental 



«Consttt*l?ting the length representation of a given object and constructing an 
object of a given'length are operationally synonyoous. ^ 



t"' si-. 
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path e<|aal to m 1st poly^ 
go««l path oslPg diacrecc 
linear ssgmcnta* 



PosC-^instructlon task 



Construct a path 
equal to |he sus 
of separate linear 
segsents. 



Confttruct a 2nd atraight 
path equal to a lat 
straight path using 
discrete linear seg::;ents. 



/ 




\ 



Problens 1 & 2 



Addltlvlty of length; 
total ^ength is sum 
of all linear seg- 
Mnts. 







Length sray be sub- 


divided into conti- 


guous linoar sfig- 


ttents. 









Length conserve- 
t ion: subdivision 
and change of 
position. 



Technique of catching 
rods with given path 
(compare and order 
selected rod with re- 
Mining portion o£ path)^ 



Relational tensa: 
Icinger, shorter, 
saoe (length). 



Line up end- 
polntSi estab- 
lish baseline. 



Identify length as an 
attribute of objects: 
linear distance be- 
tween endpoints* 



these prerequisites ware 
assessed in the pretest 
as part of the develop* 
ftetital tasks. 



ERIC 



^32 



1 



220 



ttMon III 



CoQStruct a 2ad length equal 
to m Iftt using « tlfifile unit 
to Measure* 



Froblem 3 




Pfoblra 2 



Coapftr* and ordtFr 
2 lengthi uslng^ 
thtir nuMrlc«l 



KeprtMitt m Xmgth'nuiNirlcmlly by" 
•eafturing vltb units (iterate);' 
construct « length give^n the nuaber 
of unite end unit elxe (Iterett).* 



Relet ionel tenai: 
sore, less* seae 



These prerequisites ^ 
vers a)isc*ssed in tUc 
pretest as pert^of the 
developmental tasks* 



^Problra 2 & 3 y 



Problea I 



Technique of »atk* 
ing reference 
point accurately 
to iterate units. 



Represent « length nuMrically 
^y eieasuring with collection of 
units; ^conetruct a length using 
collection of unite given unit 
nusber and unit size. 



7 



Whole is coa- 
posed of unit 
segflients.** 



Point 
count 
to 3. 



This prere^suisitc 
vae assessed by 
the point-'count 
ites in the pr«- 
. test. 



Unirs subdivide length 
into scgpftente of equal 
length.** 



Total length is 
exact sum of equal 
length sesoents.** 



Length may be sub- 
divided into con- 
tiguous, equsl 
length segments.** 



x 



l^sfton It 



Additivity of 
length: total 
length is sua of 
all linear segments. 



■--/- \/Z 



Relational 
tera: saae 
(length). 



Length may be sub- 
divided into con- 
tiguous linear 
segments.** . 



*In thU analysis these two processes are operationally synonytaous. i*e., they, share 
the SMI* prerequisites* ^ 

These were all included as a part of Problems I and 2. 
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Construct a 2nd length 
tqual to a Imt using 
maiirr tmita. 



Frcblctat 1 & 2 




Poat-lostruetion task 



Problems 1 & 2 



Glvan the s«» nusber 
of unltft. the larger 
units will produce a 
longer length than the 
Her unitSt 



Confftruct a length of 
specified size given 
a collection of units* 




Given a specif iad 
length, sore smH 
units arc needed to 
Bcasute It than 

larger unlt^# 



Krlationa5\ 
rera; saae 
(numbeif). 



£5»P 



a^e di- 
rectly and 
order 2 lengife 



s. 



Total length is the 
SUA of all fequsl 
length linear segment^* 




Lessen I 



,/ \ 



Equality of 
length. 



Relational 
teros^ more 
lttss(numberX 



Additivity of 
length: total 
length is 4ua 
of all linear 



Length say be 
subdivided In- 
to contiguous 
equal length 




Relational 
tfras: sorc^ 
less 

Clen^th), 



identify 
length as 
the linear 
distance bat 



Length may be 
subdivided lnti> 
contiguous Iln 
ear segoents* 



Relational 
tenas aa&e 
(length). 



Identify length 
as the linear 
distance ba- 
tvcen endpoints 



r 



These px^faRu^*l^«« 
assessed in the pretest 
as part oC the developtsenesl 
tasks. 
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Pretest Tasks and Scoring Criteria 

Point Count inR (to 8 ) 

g ^^^^gg -~ g^j^g 3 cup "containing 8 uni£lx cubea ~ 

COULD YOU COUNT THESE TO TELL ME HOW MANY THERE ARE? 
COUNT THEM CAREFULLY 

If S miscounts them E says 
COULD YOU COUNT THEM AGAIN. THIS TIME a)UNT THQf AS CAREFULLY AS 
YOU CAN AND TELL ME HOW MANY THER? ARE. ^ 



Scoring Criteria 

SuccesBful: Correct response. 
Unsuccessful: Incorrect response*. 
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Tranii^tivltv ef Untth 





✓^9c 
/ 




/ 

28CB. 








' J 


\ 





LET*S FLAY A LITTLE GAME flXTB THESE STICKS. 

E MtcbM thm grtt«t flMMttriag aCick vith the longer of th* 
two black onaa. 

ABE TB^E TUO STICKS THE SAME LENGTH OE IS ONE OF THEN L01»3Ek THAN THE 
OTHER? VHICH ONE? 

SO THIS BLACK ONE IS LONGER THAN THE GREEN, AND THE GREEN IS LONGER 
THAN THIS BLACK ONE. 

E reaovea the meaaurlng atick and focuaea attention to the 

table. 

ARE THERE TWO STICKS THE SAME LENGTH OR IS ONE OF THEM LONGER? JUST 

LOOK AT THE STICKS, NOT THE THINGS ON THE END. 

IS ONE OF THEK LONGER OR ARE THEY THE SAKE? 

WHY DO YOU THINK SO? « 

Scoring Criteria 

Succeaaful: 

Partially 

iucceaaful : 



Correct reaponse and transitive reaaon, 



Incorrect responae and tranaitive reaaon. 
Unaucceaa£ul : Viaual compariaon (correct or incorrect 

reaponac) . * 

( 
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C onservation o£ Length ^ 

«?• 

£ lays out the two straight vires so that one pair 



of midpoints coincide < 



LET'S PRETEND THAT THESE TMQ WIRES ARE ROAOS. IS THERE JUST AS 
FAB TO VALK ON THIS ROAD AS THIS ROAD. OR IS IT FABXHE& ON ONE 
OF THE ^ADS? 

E bends longer road so the endpoints coincide. 



NOW IS THERE AS FAR TO WALK ON THIS ROAD AS THIS ROAD, OR IS ONE 
OF THE ROADS FARTHER? 

(If the response is unclear or if the child does not seem to 

understand the question, rephrase it as follovs.) 

IF TWO ANTS ARE WALKING, ONE ON THIS ROAD AND ONE ON THIS ROAD, 

WOULD THEY BOTH WALK JUST AS FAR, OR WOULD ONE OF THEM WALK' 

FARTHER? 

E bends longer road so that the endpoints of shorter 
road extends be/ond that of longer road. 



HOW IS THERE AS FAR TO WALK ON THIS ROAD AS THIS ROAD, OR IS IT 
FARTHER ON ONE OF THE ROADS? 

(Repeat clarification questions given above if necessary.) 
Scoring Criteria 

Successful: Correct responses after both transforoa- 

tions* 

Transitional Incorrect response after first trans- 

fomatibn, correct response after 
second transformation. 
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Unsuccessful: Incorrect responses after both trsns<» 

forastions, or correct response sfter 
Tirit" tr^nsforaaHo^n~j^ 
response sfter tecond transfomstion. 



> 
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Pretest Measurement Tasks* 

Task I HERE ARE TWO T^EPHONE POLES— THIS ONE MOVES UP AND DOWN . 

DO YOI THINK YOU CA N MO VE THIS POLE SO IT IS JUST AS BIG 
AS THE OTHER ONE? 

YOU CAN USE THIS STRIP AND THE PENCIL TO HELP YOU MEASURE. 
USE THE STRIP TO HELP YOU >1AKE SURE THAT BOTH POLES ARE 
JUST THE SAME SIZE. 




Task 2 LET'S PRETEND THIS IS A ROAD FOR ANTS TO WALK ON. COULD YOU 
USE THESE RODS TO MAKE A STRAIGHT ROAD STARTING HERE WHICH 
' HAS JUST AS FAR TO WALK AS THE CURVY ROAD. 
MAKE SUnE YOUR ROAD HAS JUST AS FAR TO WALK. 




Task 3 HERE IS A PIECE OF LICORICE IN A BAG AND ANOTHER PIECE OF 
LICORICE IN THE STORE. LET'S PRETEND THAT YOU BOUGHT THIS 
PIECE AND YOUR FRIEND IS GOING TO BUY THIS PIECE, COULD YOU 
ME/ISURE THEM SO THAT YOUR FRIEND'S PIECE WILL BE JUST AS AnG 



*The complete descriptions of these tasl^s are similar to those for the 
post-Instruction tasks given in Appendix C. The scoring criteria for 
these tasks arc identical to those for the post-instruction tasks given 
In Appendix E. 
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AS YOURS. 

HERE IS A RED ROD TO HELP YOU MEASURE AW A SCISSORS WHICH 
YOU CAN USE TO CUT THE LICORICE SO THAT IT IS JUST AS LONG 
AS THE OTHER ONE, 

USE THIS ROD TO MAKE SURE THAT YOU AND YOUR FRIEND WILL HAVE 



Task 4 WE ARE GOING TO BUILD SO>fE LITTLE ROADS FOR ANTS TO WALK ON. 
I WILL BUILD A ROAD WITH THESE YELLOW ONES. 

NOW COULD you BUILD A STRAIGHT ROAD STARTING HERE WITH THESE 
PURPLE ONES SO THAT-THERE IS JUST AS FAR TO WALK ON THE 
PURPLE ROAD AS ON THE YELLOW ROAD. * 

SUPPOSE TWO ANTS STARTED WALKING ON THESE ROADS, ONE HERE AND 
ONE HERE. WOULD THEY BOTH WALK JUST AS FAR? 

HOW MANY RODS DOES YOUR ROAD HAVE? HOW MANY DOES MY ROAD HAVE? 
SHOULD YOURS (MINK) HAVE MORE? (or— SHOULD THEY HAVE THE SAME 
NUMBER?) • 



THE SAME AMOUNT TO EAT. 



03 
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Backward Digit Span 

1 WILL SAY SOME NUMBERS AND I WOULD LIKE YOU TO REPEAT THE SAME 
NUMBERS, ONLY YOU ARE TO SAY THEM BACKWARDS. 

LISTEN CAREFULLY TO THE NU^IBERS I SAY. TliEN SAY THE SAME NUMBERS 
ONLY REMEMBER TO SAY THEM BACKWARDS. 
LET'S PRACTICE A FEW, 

E presents the following 3 series and provides correct 
responses for those which S answers incorrectly. 
A. 2 
8, 0 
1. 6, 2 

THAT'S GOOD, NOW WE'LL TRY SO>[E MORE. LISTEN CAREFULLY AND 
REPEAT TlfE NUMBERS YOU HEAR ONLY REMEMBER TO SAY THEM BACKWARDS. 
Use the response sheet to read the digit series. 
For each series read one digit per second. Allow 
as much time as is needed between series. 
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Response Sheet 

Back ward Digit Span 

* 

Mark 4- for correct, 0 for incorrect. 



7, 


8 




7, 


1. 


3 


0, 


7 




5. 


8, 


7 


4. 






8, 


6. 


2 


5, 


1 




8, 


1, 


7 


6, 


9 




0, 


5, 


3 


8, 


2 




8. 


4, 


1 


5, 


0 




2. 


4, 


3 


1, 


4 




6, 


2. 


0 


9. 


8 




1, 


7. 


6 


5. 


6 




3, 


8, 


1 



Terminate the task after 3 consecutive errors. 

Move to the next series after 6 consecutive correct reponses 

Scoring Criteria ; Credit is given for a series after 6 consecutive 
correct responses or at least 7 correct out of 10 responses. 
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Description of Lessons 
Lesson I 



Instructioa ^r^hlems 



Problem 1 




The experimenter (E) provided the subject (S) with a blank 
strip and a pencil and asked S to represent the height of the 
vase on the strip. 

(All pictures used 
for these lessons 
were drawn on 
8 1/2" X 11" tag- 
board) 

After S measured the vase» £ measured it in a different way 
and obtained a different representation. If S had measured in- 
correctly, E measured correctly. If S had measured correctly, 
E measured incorrectly by dropping the endpoint of the strip 
below the bottom of the vase. S was asked to reconcile the 
different results. E then verbalized the important factors to 
be considered in constructing a representation such as this. 

S was given a practice problem with instructions similar to 
those in the initial problem. 
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Problem 2 

E provided S with a blank strip and a pencil and asked S 
to find out which of the two people was taller. 




After S determined which person was taller E raeasured the 
people in a different way and obtained a different solution. If 
S had oeasured incorrectly, E measured correctly. If S had 
measured correctly, E measured incorrectly in a predetenained 
way- S was asl.cd to reconcile the different results. E then 
verbalized the measurement principle involved in using an inter- 
mediate representation to compare and order the lengths of two 
objects. 

S was given a practice problem with instructions similar 
to those in tho initial problem. 
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Post'instruceion #ask , ^ 

E provided S with a blank strip and a pencil and asked S 
to "build" tha moveable building as big as the othe^ one. 
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Lesson II 



Instruction Problems 



Problem 1 



E provided S with a collection of vl^rious length Cuisenaire 
rods and asked S to build a "straight road" the same length 
as the given road, starting at the indicated point. 




After S constructed a road, E constructed a second road 
using a different strategy and arrived at a different length. 
If S had produced an incorrect solution, E produced a correct 
solution by matching rods against the given road. If S id 
produced a correct solutiun, E produced an incorrect solution 
by vertically aligning the endpoint of the constructed road 
with the endpoint of the given road. S was asked to reconcile 

the different results, E then verbalized the measurement 

J' 

principle and indicated an appropriate comparison procedure 
whij^ could be used to construct equal lengths. 

S was given a practice probleoi with instructions similar 
to those in the initial problem. 
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FrobleiB 2 



E provided S with a colXectiofi of various length square 
dovels (7 aa«y 9 cm., 14 c!ti«, and 17 cm.) and asked S to ahow 
hov long the fence would be If the tw boards were nailed 
together. 



After S constructed a fence, E constructed a second fence 



S had produced an incorrect solution, £ produced a correct 
nolution by^siatching dowel pieces against the tw boards and 
^*addinR7 them to form a straight fence* If S had produced a 
correct solution, E produced ao incorrect solution in a pre- 
%lGtermlned way. S was asked to reconcile the different results. 
K then verbalized the additivity principle of measurement and 
indicated an appropriate measuring and matching strategy which 
could be used to add the measures of two lengths. 




using a different strategy and obtained a different result. If 



S was given a practice problcaa with instructions and 
aaterials sioUar to those in the initial problem. 



Post-ins true tltnt Task 

E provided s with a collection of various length Cuisenaire 
rods and asked S to build a "straight road" on which there was 
just as far to walk as on the crooked road, starting at the 
indicated point. 
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Instruction Problems 



Problem 1 



\ 



E provided S with « collection of 4 cm. Culsenalre rods 
and ssfced S to measure the length of the fence. 



After S measured the fence, £ measured It In a different 
way and obtained a different result. If S had measured Incorrectly, 
E measured correctly. If S had measure;d correctly, E measured 
Incorrectly by leaving a space between rods and getting a smaller 
measurement. S was asked to explain the reason for these 
different answers. E then verbalized the measurement principle 
Involved in using a collection of units %o measure a given length. 

S was given a practice problem slnilar to the initial 
probletB but using a collection of 3 cm. Cuisenaire rods. 
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Problem 2 

E provided S with one 3 cm. Cuisenaire rod and asked S 
to measure the length of the board. 





, ^ 


( 




m 





After S measured the board, E measured it in a different 
vay and obtained a different result. If S had measured in- 
correctly, E measured correctly. If S had measured correctly, 
E measured incorrectly in a predetermined way. S was asked 
to reconcile the different results. E then verbalized the 
measurement principle involved in unit iteration and demonstrated 
A technique which can be used to iterate a^icurately. 

S was given a practice problem similar to the initial 
problem but using a 4 cm. Cuisenaire rod^ 




Problem 3 

£ provided S with one 2 cm. Cuisenaire rod. and asked S to 

# 

find out which of the two strips was longer. S was encouraged 
to use the rod to measure the strips. 



> 
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After S measured the strips, £ measured them in a different 
vsy and obtained a different result. If S had measured in- 
correctly, E measured correctly. If S had measured correctly, 
E measured incorrectly by leaving space between iterations 
on the longer strip and obtaining a smaller measure. S was 
asked to reconcile the different results. E then restated 
the principle involved in unit iteration and verbalised the 
principle of comparing and ordering lengths by their unit 
measures • / 

S vas given a practice problem sitnilar to the initial 
problem but using a 3 cm. Cuisenaire rod* 



Post-instruction Task 

E provided S with a 2 ca. Cuisenaire rod and a scissors 
and asked S to make the second bike patlfi in the park just as 
long as the first one. S was encojiraged to use the rod to 
belp measure. 



Q Q 1 


|0 


Q 1 


J « 



> 2<>5 
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Lessen IV 

Instruction Problems 
Problem 1 

E constructed a '^road** with four 5 cm. Cuisenalre rods/ 
S vas provided with a collection of 4 cm» Cuisenaire rods and 
asked to build a road just as long as E*s road but starting 
at a different point and going in a different direction. 




After S constructed the road» E noved the roads parallel to 
compare the lengths. S was asked to reconcile the fact that 
the same number of rods produced different lengths » and the fact 
that equal lengths required different numbers of rods. E 
then verbalized the measurement principle resulting from the 
Inverse relationship between unit nunber and unit size. 

S was given *a practice problem similar to the initial 
problem but E's road was mado with four 3 cm. Cuisenaire rods 
and S was given a collection of 4 cm. Cuisenaire rods. 
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?robIem 2 

£ placed two strips on the table, one 16 cm. and the other 
20 cm. S was asked to compare their lengths. After S confinned 
that one of them vas longer, E moved them to form a "T". 

S vas asked to measure the bottom strip using a collection 
of 4 cm. Cuisenaire rods and the top strip using a collection 
of 5 cm. Cuseaaire rods. E then asked again about the relative 
length of the two strips. After S responded the strips were 
moved parallel and S was asked to explain the fact that the 
same number of rods were used to measure different lengths. 
E then restated the measurement principle resulting from the 
inverse relationship between unit number and unit size. 

S was given a practice problem similar to the initial problem 
but using equal length strips (15 cm.) and measuring the bottom 
one with 3 cm. Cuisenaire rods and the top one with 5 cm. 
Cuisenaire rods* 
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Post-instruction Task 

E constructed a "crooked road" with 7 ca. Cuisenairc rods. 
S vAs provided with a collection of 5 cm. Cuisenairj^ rods and 
asked to build a straight road on vhich there vas just as far 
to valk. 
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LESSON PROTOCOLS 
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Lesson Frotocole 
Lesson 1 

Problem 1 a. COULD YOU USE THIS STRIP AND THE PENCIL TO MEASURE HOW 
TALL THE VASE IS? 

MARK WITH THE PENCIL ON THE STRIP TO SHOW JUST HOW TALL 
THE VASE IS, 

b. SUPPOSE YOUR FRIEND MEASURED LIKE THIS (Either measure 
correctly hi aligning bottom of strip with bottom of 
vase or measure incorrectly by dropping bottom of 
strip below bottom of vase),' 

WHY DID YOUR FREIND GET A DIFFERENT ANSWER? 
WHO m YOU THINK IS RIGHTT^WHY? 

c. WHEN MEASURING HOW LONG SOMETHING IS WE NF'vD TO FIND 
^THE HIGHEST AND LOWEST POINT AND MEASURE JUST FROM THE 
BEGINNING, POINT TO THE ENDPOINT. 

d. Practice (saue as a, with respect to tree) 

/ 

Problem 2 a. THESE TWO PEOPLE ARE HAVING AN ARGUMENT OVER WHICH ONE 
OF THEM IS TALLER. CAN YOU HELP THEM DECIDE* WHO IS 
TALLER— YOU MAY USE THIS STRIP AND PENCIL TO ^ELP YOU 
MEASURE. 

b. SUPPOSE YOUR FRIEND MEASURED LIKE THIS (Either measure 
correctly or measure incorrectly by measuring girl and 
th^ dropping, bottom of strip below feet of boy to have 
boy appear taller). 



0 

ERIC 



247 



WHY DID YOUR FRIEND GET A DIFFERENT ANSWER? 
WHO DO YOU THINK IS RIGHT? WHY? 
C. WE CAN USE THE SAME STRIP TO MEASURE BOTH PEOPLE AN^ , 

# 

FIND OUT WHO IS TALLER IF WE BEGIN AT THE SAME POINT 
ON THE STRIP FOR BOTH. , 
d. Practice A CARPENTER CUT THESE TWO BOARDS AND WOJLD 

LIKE TO KNOW WHICH BOARD IS LONGEfR. YOU MAY. US£ THIS , 
STRIP AND THIS PENCIL TO HELP YOU MEASURE. 

Post- HERE ARE TWO BUILDINGS— THIS ONE MOVES UP AND DOWN. 

Instruction DO YOU THINK YOU CAN MOVE THIS BUILDING SO IT IS JUST 

Task AS BIG AS THE OTHER ONE? 

YOU CAN USE THIS STRIP AND THE PENCIL TO HELP YOU 
MEASURE. USE THE STRIP TO HELP YOU MAKE SURE THAT THERE 
IS JUST AS MUCH ROOM IN BOTH BUILDINGS. 
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Lesson 2 

^ Problea X a. LET'S PRETEND THIS IS A ROAD FOR ANTS TO WAIiK ON. 

COULD YOU MAKE A STKAIGHT ROAD STARTING HERE WHICH IS 

I . " 

JUST AS LONG AS THE OTHER ROAD? 

MAKE YOUR ROAD SO THAT BOTH ANTS wAl HAVE JUST AS FAR , 
TO WALK. 

I IS YOUR ROAD JUST AS FAR? 

b. SUPPOSE YOUR FRIEND MADE- THE ROAD LIKE THIS (Either 
measure correctly* by jaatching rods along strip and 
laying out road or taeasure incorrectly by using a 
• perceptual strategy and aLl^ning cndpoint of second 

road with endpolnt of first road^ 
WHY DID YOUR FRIEND GET A DIFFERENT ANSWER? 
WHO DO YOU THINK IS RIGHT? WHY? 
C. WHEN YOU' NEED TO BUILD ROAD WHICH IS JUST AS LONG, 
YOU CAN MAKE SURE BY MATCHING YOUR ROAD WITE THE 
OTHER ONE. 

d. Practice (same as S.) MAKE SURE THAT BOTH ROADS 

HAVE JUST AS FAR TO WALK. DO YOU THINK YOUR ROAD IS 
JUST AS FAR? ^ \ 

Prohiera 2 a. THESE ARE TWO REDWOOD BOARDS. A CARPENTER IS GOING TO 

♦ 

BUILD A FENCE WITH THEM BY NAILING THEM TOGETHER. 
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COULD YOU HELP THE CARPENTER BUILD THE FENCE? 
USE THESE TO SHOW HOW LONG THE FENCE WDULD BE IF 
THESE TWO BOARDS WERE NAILED TOGETHER, 
b. (If S measured Incorrectly) 

SUPPOSE YOUR FRIEND MEASURED LIKE THIS 

(Match rods correctly and lay out fence), 

WHY DID YOUR FRIEND GET A DIFFERENT ANSWER? 

WHO DO YOU THINK IS RIGHT? WHY? 

(If S measured correctly) 

SUPPOSE YOUR FRIEND MEASURED LIKE THIS 

(Lay long rod and show -cndpoint is vertically 

aligned vith one of the boards), 

WHY DID YOUR FRIEND GET A DIFFERENT ANSWER? 

WHO DO YOU THINK IS RIGHT? WHY? 

c. WHEN WE WANT TO FIND ^OUT HOW LONG TWO THINGS ARE 
TOGETHER WE CAN MEASURE 1^\CH ONE AND THEN ADD 
THEM TOGETHER. 

d. (Same as a» with respect to building a bench) 
^st,- LET'S PRETEND THIS IS A FOR ANTS ^0 WALK ON. 
Instruction COULD YOU MAKE A STRAICllT ROAD STARTING HERE WHICH 
Task HAS. JUST AS FAR TO WALK A.S THE CURVY ROAD? 

MAKE SURE YOUR ROAD HAS JUST AS FAR TO WALK. 
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Lesson 3 



Problem 1 a. COULD YOU MEASURE HOW LONG THIS FENCE IS USING THESE? 
4 cm. rods HOW LONG IS THE FENOE? HOW MANY OF THESE? 

b. SUPPOSE YOUR FRIEND MEASURED THE FENCE LIKE THIS 
^(Either measure correctlv, or incorrectly by leaving 
space between each uni . resulting in 4 units rather 
than 5). 

WHY DID YOUR FRIEND GET A DIFFERENT ANSWER? 
WHO DO YOU THINK IS RIGHT? WHY? (If S doesn't 
recognize conflict measure again to get 3 units and 
tepeat questions) 

c. WHEN MEASURING WITH RODS LIKE THIS WHICH ARE ALL JUST 
THE SAME WE NEED TO KNOW rfOW MANY OF THEM IT TAKES 

TO GO FROM BEGINNING TO END SO THAT THE WHOLE FENCE 
IS COVERED— WITH NO SPACE BETWEEN . ONE ROD MUST BEGIN 
WHERE THE LAST ONE ENDED. 
3 cm. rods d. Practice (same as a. with respect to train car) 
Problem 2 a. COULD YOU FIND OUT HOW LONG THIS BOARD IS? USE THIS 

ROD TO MEASURE IT. 
3 cm. rod b. 1. ( If S measured correctly) 

SUPPOSE YOUR FRIEND MEASURED IT LIKE THIS (Measure in- 
correctly by visually estimating transition points, 
leaving space between, and getting less units as a 
result). 
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VJHY DID YOUR FRIEND GET A DIFFERENT ANSWER? 
WHO DO YOU THINK IS RIGHT? WHY? 

2. (If S measured incorrectly) SUPPOSE YOUR FRIEND 
MEASURED IT LIKE THIS (Measure correctly using finger 
to mark reference points). 

WHY DID YOUR FRIEND GET A DIFFERENT ANSWER? * 

WHO DO YOU THINK IS -RIGHT? WHY? 

WHEN WE USE ONE ROD TO MEASURE WE MUST BE CAREFUL 

TO START THE NEXT ONE RIGHT WHERE THE LAST ONE STOPPED 

SO THAT WE MEASURE THE WHOLE BOARD. 

ONE WAY WE CAN DO THIS IS TO USE OUR FINGER OR A 



POINTER TO REMEMBER WHERE THE LAST ONE STOPPED — 
LIKE THIS (Measure several units along board) . 
PUT YOUR FINGER BESIDE THE ROD, NOT IN FRONT OF IT. 
Practice (same as a. with respect to barn) MEASURE 



LET'S FIND OUT WHICH OF THESE TWO STRIPS IS LONGER. 
COULD YOU MEASURE THE^l^TO FIND OUT WHICH IS LONGER? 
HERE IS**^ ROD TO HELP YOU MEASURE. 



SUPPOSE YOUR FRIEND MEASURED IT LIKE THIS (Measure 10 
cm. strip (on left) correctly by visually determining 
marking points and 12 cm. strip incorrectly by 
visually estimating and leaving space between rods 
to get 4 units) » 




1. (H. S measured correctly) 
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^ Wnr DID YOUR FRIHiD GET A DIFFERENT 'ANSWER? 

WHO DO Ydir THINK TS RIGHT? WHY? 

2. (If S measured incorrectly) SUPPOSE YbUR FRIEND 
MEASURED IT LIKE THIS (Measure correctly using finger 
to mark reference point). 

WHY DID YOUR FRIEND GET A DIFFERENT ANSWER? 

WHO DO YOU THINK IS RIGHT? 

WHY? 

c. WHEN WE MEASURE WITH ONE ROD WE MUST BE CAREFUL TO 
START THE NEXT ONE RIGHT WHERE THE LASt"^!IE STOPPED. 
IF WE MEASURE CAREFULLY USI!^ THE SAME ROD- WE CAN FIND 
OUT WHICH THING I^ LONGEiJbY COUNTING HOW MANY RODS, 

d. Pract ice (same instructions as a. with re&pect to "T") 
3 cm. rod 

Post- HERE IS A BIKE PATH RUNNING THROUGH THE PARK. THIS 

Instruction IS ANOTHER PATH THAT THEY ARE JUST MAKING. CAN YOU 
Task HELP THEM BUILD THE PATH SO THERE WOULD BE JUST AS 

2 cm. rod PAR TO RIDE ON THIS PATH AS ON THAT ONE^ 

HERE IS A SCISSORS WHICH YOU CAN USE JO CUT THE PATH 
SO THAT IT IS JUST AS LONG AS THE OTHER ONE. 
YOU CAN USE THIS RED ROD TO HELP YOU MEASURE. 
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I'M GOIKG TO BUILD A ROAD WITH THESE YELLOW OmS 
WHICH LOOKS LIKE THIS "(4 roda). 

COULD YOU BUILD A STRAIGHT ROAD STARTING HERE WITH 
THE PURPLE ONES SO THAT YCRJR ROAD IS JUST AS LONG 
AS THIS ONE? BE SURE THAT THERE WOULD BE JUST AS 
FAR TO WALK ON YOUR ROAD AS THERE IS ON THIS ONE. 
IS YOUR ROAD JUST AS LONG NOW? 

HOW MANY RODS ARE IN YOUR ROAD?^^HO^ MANY IN THIS ONE? 
DO YOU THINK BOTH ROADS ARE JUST AS LONG? 
LET'S CHECK THEM. 

(Move yellow road parallel to purple road) 

1. (If both roads were 4 rods) WHY DO YOU THINK THE 
ROADS ARE DIFFERENT it THEY ARE BOTH 4 RODS LONG? 

2. (If roads were same length) -WHY DOES ONE HAVE 4 
RODS ANi) THE OTHER 5 RODS? 

3. (If roads were different lengths) COULD YOU MAKE 
IHE PURPLE ROAD JUST AS LONG? 

WHY IS ONE ROAD 5 RODS LONG AND THE. OTHER. ROAD 4 
RODS LONG? 

SO IF ONE OF THE RODS IS SHORTER WE NEED TO USE MORE 
OF THEM TO MAKE THE SAME LENGTH. 

Practic e (same as a. with 4 light green rods and purple 
rods for S) ^ 
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MAKE SURE YOUR ROAD IS JUST AS LONG. 
WHICH OF THESE STRIPS IS LONGER OR ARE THEY THE SAME? 
- . into \ ) 

CCHJLD YOU MEASURE THE BOTTOM STRIP WITH THE PURPLE ONES? 
SO THE BOTTOM ONE IS 4 PURPLES. 

COULD YOU MEASURE THE TOP STRIP WITH THE YELLOW ONES? 
SO THE TOP STRIP IS 4 YELLOW ONES. 

IS ONE OF THE STRIPS LONGER OR ARE THEY THE SAME? 

1. (If S says they are different) WHY? BUT WHY 
DID THEY MEASURE THE SAME NUMBER? 

2. { If S says they ar,e the same) WHY? BUT ONE OF 
THEM WAS LONGER BEFORE— WHY DO YOU THINK IT'S THE 
SAME NOW? 

a 

3. (Move top strip and rpds parallel) WHICH STRIP 
IS LONGER? 

WHY DO YOU THINK THEY MEASURE THE SAME NUMBER OF RODS? 
IF WE WERE GOING TO MAKE THEM THE SAME LENGTH WE WOULD 
NEED MORE PURPLE RODS. SO IF YOU ARE USING SHORTER 
RODS TO MEASURE SOMETHING YOU WILL NEED MORE OF THEM 
TO MEASURE THE SA>U-: LENGTH. 

Practice WHICH OK THESE STRIPS IS LONGER OR ARE THEY 
THE SAME? (Move strips fromlitoi ) 
COULD Y,OU MEASURE THE BOTTOM STRIP WITH THE LIGHT 
GREEN RODS? 

^V/- 2 OS 
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SO THE BOTTOM ONE IS 5 LIGHT GREEN RODS. . 

COUIJ) YOU MEASURE THE TOP STRIP WITH THE YELLOW SDDS7 

SO THE TOP STRIP IS 3 YELLOW RODS. 

IS ONE OF THE STRIPS LONGER OR ARE THEY THE SAME? 

WHY? ^ 
Post"^ WE ARE GOING TO BUILD SWIF. LITTLE ROADS FOR ANTS TO 

Instruction WALK ON. I WILL BUILD A ROAD WITH THESE BLACK ONES. 
Task NOW COULD YOU BUILD A STRAIGHT ROAD STARTING HERE WITH 

THESE YELLOW RODS SO THAT THERE IS JUST AS FAR TO 

WALK ON THE YELLOW ROAD AS THE BLACK ROAD? 

SUPPOSE TWO ANTS STARTED WALKING ON THESE ROADS, ONE 

HERE AND ONE HERE. WOULD THEY BOTH WALK JUST AS FAR? 

HOW MANY DOES YOUR ROAD HAV!-:? HOW MANY DOES MY ROAD 

HAVE? SHOULD YOURS (MINE) HAVE MORE? (or~SHOULD 

THEY HAVE THE SAME NUMBER?) 



ERIC 



256 



APPENDIX E 



CODING SCHEMES AND SCORING CRITERIA 
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Coding Schemes and Scoring Criteria 



Coding Scheme — Lesson I— Problem 1 



1^ Did not use strip-'-^did not mark beginning and/or endpoints. 



2. Marked off a segment corresponding to only a part of the length. 

3. Marked off entire length but did not attend to endpoints: 

a) did not match highest and/or lowest point* 

b) placed sttip off to the side and estimated points. 

4. Marked off length correctly. 



Scoring Criteria 



Unsuccessful (0) : 



Did not represent length on the strip, 



evidenced little understanding of this 



concept (strategies 1 and 2). 



Partially 



Successful (1): 



Represented length on the strip but 



result only approximate (strategy 3). 



Successful (2): 



Measured correctly — attended to both 



endpoints (strategy 4). 
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Coding Scheme — Lesson I—Probleta 2 

1. Did not use strip — perceptual or other solution. 

2. Used strip but only perceptually or otherwise (e.g., used 
horizontally to align endpoints). 

3. Used strip to tseasure one length or the other (correctly or 
incorrectly) but did not compare them, 

4. Used strip to compare lengths but incorrect measurement resulted 
In erroneous conclusion: 

a. line up end of strip with end of page. 

b. did not attend to endpoints, 

c. strip was incorrectly placed for comparison of second lengthy 

5. Correct measurement and comparison. 

Scoring Criteria 

Unsuccessful (0); Did not use the strip to compare the 2 

lengths (strategies 1-3). 

Partially Successful (1): Cc-ipared lengths with the strip but 

incorrect procedure led to erroneous 
conclusion (strategy 4), ^ 

Successful (2) : Correct measurement and comparison 

(strategy 5). ^ 
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Coding Scheme— Lesson I — Post-Instruction Task 



1. Did not use strip — perceptual or other solution. 

2. Used strip but only perceptually or otherwise (e.g.* laid strip 

« 

horizontally) « 

3. Used strip to erasure one length but not the other* 

4. Used strip to measure both lengths but did not measure the 
lengths themselves, 

5. Used* strip to measure both lengths but adjusted by perceptual 
judgment* 

6. Used strip to measure both lengths but did not attend to both 
pairs of endpoints, 

7. Measured correctly. 



Scoring; Criteria 



Unsuccessful (0) : 



Used a perceptual strategy or used 



strip but did not evidence an under- 



standing of Tteasurement principles 



(strategies 1-A), 



Partially Successful (1) : 



Measured both lengths, but achieved 



only an approximate result (strategi 



5 and 6), 



Successful (2) : 



Measured correctly — attended to both 



pairs of endpoints (strategy 7). 
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Coding Scheme— Lesson II — Problem 1 ^ 

1. Perceptual solution— "just looks right." 

2. Perceptual solution — aligned endpoint of second road vertically 
vith endpoiut of first* 

3. Perceptual solution — then compared (and corrected second road) 
by 'hneasuring" both with intermediate object (finger span* 
iteration with tod» etc,)' 

a, used gross visual estimate* 

b, used marking or careful visual estimate procedure • 

4* Matched rods to the given road but only in approximate fashion 

(e»g«, matched one rod at a time and visually estimated reference 
points on given road; matched rods to only part of the road). 

5. Matched rods, laid out road» then changed it according to 
perceptual judgment. 

6. Matched rods in trial and error fashion — laid out straight 
road» then matched and corrected road, then taatched road again, 
etc* 

7. Matched rods systematically and correctly* 

S c o ri n )^ Criteria • 

Unsuccessful (0); Evidenced no understanding of measure- 

ment principles, i.e., used strategies 
based on perceptual judgment 
(strategies l-3a). 
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Partially Successful (1) 



Successful (2) 



Evidenced some understanding of 
the measurel^ent principles by match- 
ing rods to the^^iven road or by 
using some other measurement technique 
but reached only an approximate 
solution (strategies 3b-5)« , 
Evidenced an understanding of the 
measurement principles and reached 
an exact solution (strategies 6 and 7)* 
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Coding Scheme — ^esBQn II — Problem 2 
1..^ Perceptual solution— "just looks right"* 

2. Perceptual solution — aligned endpoint of constructed lengfch 
vertically with endpoinf of one of the boards, 
.'t 3. Perceptual solution — then compared by 'Sneasuring" with an inter-- 
/ mediate object (finger span, etc.) but used only visual estimates: 

a. measured only one board; or both boards treated individually. 

b. measured both boards and used their sum for comparison • 

4. Matched rods with one board or the other, or both individually, 
, but did not combine results to construct length* 

5. Matched rods with both boards, combined results to construct 
length, then adjjusted length by perceptual judgment. 

6. Matched rods with both boards in trial and error fashion — 
laid out length, then matched rods with boards and corrected 
length, etc. 

7. Matched rods with both boards and combined results to construct 
length* 

Scoring Criteria 

Unsuccessful (0): Used only perceptual solution and/or 

evidenced no understanding of the 
additiv5ty principle (strategies 1, 
2, 3a, and A). 

Partially Successful (1): Evidence some understanding of the 

addltivity principle but reached 



ERIC 



276 



263 



only an approximate solution 
(strategies 3b ^n3^). 
Successful (2) : ^ Evidi<nced an understanding of the 

^dditivity principle and reached 
iNi accurate solution (strategies 
6 and 7). 
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Coding Scheme — Lesson IX— Post-Instruction Task 



1. 



Perceptual so 1 




Ion — "Just looks right. 



If 



2. Perceptual solution — aligned endpolnt of second road vertically 
with endpoint of first. 



4. Perceptual solution — then compared by "measuring" both with 
intermediate object (finger span, iteration with rod, etc.): 

a. used gross visual estimate. 

b. used tnarktng or careful visual estimate procedure. 

5. Matched rods to the given road but only in approximate-^fashion 
(e.g., matched one rod at a time and visually estimated reference 
points on given road; matched rods to only part of the road). 

6. Matched rods, laid out road, then corrected it according to 
perceptual judgment, 

7. Matched rods in trial and error fashion — laid out straight road, 
then matched and corrected road, then matched road again, etc. 



3. 



Perceptual solution — aligned endpoint of second road angularly 



with endpoint of first. 




Matched rods by laying them beside given road. 



9. 



Matched rods correctly. 



Scorin,^ Crit eria 



Unsuccessful (0) t 



Evidenced no understanding of measure^ 



ment principles, i.e 



used strategies 



.2 78 



Partially Successful (1) 



Successful (2) : 



based on perceptual judgement 
(strategies l-^aX 

Evidenced some understanding of the 
measurement principles by matching 
rods to the given road or by using 
some other measurement technique * 
but reached only an approximate 
solution (strategies 4b-6X 
Evidenced an understanding of the 
measurement principles (strategies 
7-9), 
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Coding Scheme'^-Lesson III — Problem 1 



1. Laid rods along only part of the object — did not cover the 
whole length (e.g., did not go froB endpoint to endpoint; 
left spaces between rods). 

2. Laid rods along entire length but failed to count them 
appropriately (e.g., counted only some of theiaj counted them 
twice). (This does not include an accidental miscount.) 

3. Used a basically correct measuring and counting procedure but 
did not carefully attend to the endpoints. 

4. Used correct procedure and achieved an accu^te solution. 

Sc oring Criteria 



Unsuccessful (0) : 



Partially Successful (1): 



Successful (-2) : 



Evidenced little understanding of 
unit measurement and assigning a 
numerical value to a specified 
length (strategies 1 and 2) • 
Evidenced some understanding of 
unit measurement but did not achieve 
an accurate solution (strategy 3). 
Eviden'^ed an understanding of unit 
measurement and achieved an accurate 
solution (strategy 4). 
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Coding Scheme — Lesson III — Problem 2 



1. Measured length without using rod for iteration (e.g., finger 
span, steps with fingers or with rod as pointer, etc,)* 

2. Measured length by sliding rod along while counting or 
"stepping" rod along length without attending to reference 
points. 

3. Measured length with rod by using entire finger as the reference 
point: 

a, counted finger as well as rod to give measure, 

b. counted only lod tnoveiaents to give measure. 

4. Measured length with rod by visually and carefully estimating 
reference points. 

5. Measured length with rod using appropriate technique but 
miscounted in some way. 

6. Measured length with rod correctly by accurately marking 
reference points with finger. 



Unsuccessful (0) : 



Scoring Criteria 

Evidenced little or no understanding 

of unit iteration as a measurement 



Partially Successful (l)s 



proc iss (strategies 1, 2, and 3a) » 
Evidenced some understanding of 
unit iteration but used in:*ccurate 
technique or miscounted (strategies 
3b, and 5)* 
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Successful (2): 



1 



Evidenced an understanding of 

unit iteration and used an accurate 

technique (strategies 4 and 6) t 
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Coding Scheme — Lesson III— Problcnn 3 

1. Perceptual solution — one looks longer (did not measure). 

2. Measured only one length with rod, i.e.» did not compare 
length by measuring both* 

3. Measured lengths using procedures other than unit iteration 
(e.g., finger span, steps with fingers) « 

4» Measured both lengths using approximate unit iteration and 
based response on this measurement: 

a* slid rod along length or "stepped'' rod along length while 

counting — did not use reference points, 
b* used entire finger as the reference point, 
c. miscounted in some way. 

5. Measured both lengths but gave res^ .rsed on perceptual 
judgment rather than a comparison oi the measures, 

6. Measured both lengths correctly (attended to reference points 
by careful visual estimates or marking them with fingers) 
and gave appropriate response* 

Scoring Criteria 

Unsuccessful (0) : Used only perceptual or gross unit 

iteration procedures to measure and/ox 

did not use the measures to compare 

two lengths (strategies 1-3, 4a, and 5). 

Partially Successful (1); Used an approximate form of unit 

Iteration and compared length based 
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Successful (2): 



on these measures (strategies 4b and 
4c). 

Measured accurately by iterating a 
unit and used results to correctly 
compare lengths (strategy 6). 
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Coding Scheme — Lesson III — Post-Instruction Task 

1. Perceptual solution — "looks just as long'' (did not measure). 

2. Measured only one length with rod, i.e., did not compare 
strips by measuring both. 

3. Measured second length in wrong direction and was left with 
complement. 

4. Measured lengths using procedures other than unit iteration 
(e.g., finger span, steps with fingers) • 

5. Measured both lengths using approximate form of unit iteration 
(systematic or trial and error): 

a. slid rod along lengths or ''stepped" rod along length while 
counting — ^did not use reference points. 

b. used entire finger as the reference point. 

c. miscounted in some way. 

6. Measured both lengthy lising an accurate technique and unit 
iteration — careful visual estimates or finger marking 
(systematic or trial and error) « 

Scoring Criter ia 
Unsuccessful (0) : Used only perceptual or gross unit 

iteration procedures to measure and/or 
did not u$;e the measures to compare two 
lengths. 

Partially successful (1): Used an approximate fprm of unit 

I 

iteration and compared lengths based 
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on these lacasures (strategics 5b 
and 5c) . 

Successful (2) : Measured accurately by iterating 

a unit and used results to 
correctly compare lengths 
(strategy 6). 
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Codina Scheme— Lesson IV— Problem 1 

1. Perceptual solution — "looks just as long." 

2. Counting solution — laid out just as many rods. 

3. Attended to unit size, i.e., recognized the difference in unit 
size and indicated that this was a relevant factor in the solution 
but did not use the information appropriately (e.g., laid out 
more long rods than short) . 

A. Matched rods alongside given road*. 

a. changed fii\al road using perceptual judgment. 

b. used matching to achieve an accurate solution, 

5. Attended to unit size and laid out less long rods than short ones 
(or more short rods than long ones) . 

Scor tnp^ Criteria ^ 
Unsuccessful (0) : Built road without accounting for 

unit size in the construction 
. process (strategies 1, 2, and ^a). 
Partially Successful (1): Accounted for unit size in construction 

of road but did not use the inverse 
relationship appropriately (strategy 3). 
Successful (2): Accounted for unit size in appropriate 

way to achieve approximate or accurate 
solution, or achieved accurate 
solution by using matching strategy 
(strategies and 5). 
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Coding Scheme — Lesson IV— Problem 2 



1, Gave Incorrect response with following explanation: 

a. no reasim given. 

b. perceptual explanation. 

c, number of units • 

2« G^ve correct response with following explanation: 
a. no reason given. 
b« perceptual explanation. 

c» they were the same (different) size before* 

d, diff ^tent-size rods measure different number of units* 



Scoring. Criteria 



Unsuccessful (0) : 



Gave incorrect response (strategy 1). 



Partially Successful (1): 



Gave correct response but did not 



provide logical explanation 



(strategies 2a and 2b}, 



Successful (2) : 



Gave correct response and provided 



logical explanation (strategies 2c 



and 2d). 
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Coding Scheme—Lesson IV—Pos t-Ins true t ion Task 

1. Did not make straight road (thought an ^ual-length road must 
' be crooked) . 

2. Perceptual solutioa — "just looks right." 

3. Perceptual solution— aligned endpoint of second road vertically 
with endpoint of first road. 

4. Perceptual solution— then compared (and corrected second road) by 
♦'measuring" both with an intermediate object (e.g., finger span). 

5. Counting solution— used as many short rods as there were long 
ones. 

6. , Attended" to both unit size and unit number in constructing a 

solution: 

a. adjusted solution according to perceptual judgment. 

b. attended to the difference in unit size but did not account 
for the sum of these differences. 

c. considered size ratio and used approxiinately correct number 
of short rods (from 6 to 9). ^ 

Scoring Criteria 

Unsuccessful (0): Evidenced no understanding of th^ 

inverse relationship between unit<^ 
size and unit number ♦ i.e., used 
• - strategies based on perceptual judgment 

or on unit nutaber only (strategies 1-5). 
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Partially Successful (1) 



1 



Successfiil (2): 



Recognized the ^inverse relation- 
ship but did not achieve aa a{)prox- 
Imately accurate solution (strategies 
6a and 6b) # . """'^ 
Recognized the inverse relation- 
ship and achieved an approximately' 
accurate solution (strategy 6c). 
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Scoring Criteria for Recognizing nnd Resolving Conflict 



Unsuccessful (0) ■ 



Partially Succes 



gful (1)^ 



Successful (2): 



Did not recognize or notice the 
differmtce in results' or did not 
see thfc inconsistency in arriving 
at two different measures for the 
same length (e.g-, "both are right") 
Indicated that they noticed a 
difference in the results and 
that one of the results must be 
incorrect (either by spontaneous 
verbal stateioentt verbal response ^ 
to question, or denionstration); 
but could not explain or othen^^ise 
reconcile the difference, or 
explained it on the basis of a non- 
measurement rationale p 
Recognlr.ed and explained the 
difference in results either 
verbally or via demonstration 
by apjHMling to the relevant 
principlc(s) or measurement, 
either directly or indirectly. 
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Developmental Groups X Measurement Task Performance 



Task 



Lesson 1» 
Problem 1 



Lesson 1^ * ^ 
Problem 2 



Lesson l. 
Post- 
instruction 
task* 



Lesson II, ^ 
Problem 1 



Logical Reasoning Ability 

Table Mean 
Task Score 





0 


1 


2 






High 




5 


U 


1.6875 


.4787 


Low 




5 


11 


1.6875 


.4787 




0 


1 


2 




• 


High 


2 


1 


13 


1.6875 


.7042 


Low 


i 


7 


8 


1.A375 


.6292 




0 




2 






High 


5 


3 


8 


1.1875 


.9106 


Low 


7 


5 


4. 


.8125 


.8342 




0 


1 


2 






High 


k 


1 


11 


1.4375 


.8921 


Low 


7 


1 


8 


1.0625 


.9979 



Table entries represent number of subjects* 



*T{isks on which between group differences were predicted, 
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Lesson II » 
Problem 2* 



Lesson II » 
Post- 
instruction 
task* 



Lesson III» 
Problem 1 



Lesson Illf 
Problem 2 



Lesson III> 
Problem 3 



Lesson 1II» 
Post- 
instruction 
task 



Lesson IV, 
Problem 1* 



High 
Low 



High 
Low 



High 
Low 



High 
Low 



High 
Low 



High 
Low 



High 
Low 



V 


4 








13 


5 


1 


10 


n 
u 


1 


2 


J 




11 


6 


2 


8 


U 


X 




U 


u 


xu 


0 


0 


16 


U 


1 

X 




1 


o 


7 


1 


8 


7 


U 






1 


Q 




•1 


13 


2 


sJ 


1 


2 


D 


o 


3 
•J 


9 


3 


4 


0 


1 


2 


1 


0 


15 


4 




12 


9 



1.7500 
1.3125 



1.5000 
1.1250 



2.0000 
2.0000 



1.3750 
1.'3750 



1.3125 
1.0625 



.8750 
.6875 



1.8750 
1.5000 



,5774 
,9465 



.8165 
.9514 



.0000 
.0000 



.6191 
.6191 



.6021 
.4425 



.7188 
.8732 



.5000 
.8944 
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Lesson IV, 
Problem 2* 



Lesson, TV, 

Post- 
instruction 
task* 





0 


1 


2 






High 


0 


1 


15 


1.9375 


.2500 


Low 


1 




11 


1.6250 


.6191 




0 


1 


2 






High 


3 


3 


10 


1.4375 


.8139 


Lov 


14 


0 


2 


.2500 


.6831 



Information Processing Capacity 



\ 



ERIC 



Lesson I, 
Problem 1 



G 



Lesson I, 
Problem 2 



Lesson I, 
Post- 
instruction 

task* 



High 
Low 



High 
Low 



High 
Lov 



0 


5 


11 


0 


5 


11 


0 


1 


2 


1 


4 


11 


2 


4 


10 


0 


1 


2 


6 


3 


7 


6 


5 


5 





29s 



1.6875 
1.6875 



1.6250 
1.5000 



1.0625 
.9375 



.4787 
.4787 



.6191 
.7303 



.9287 
.8539 
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Lesson XI « 




0 


1 


2 






Problem 1 




u 


2 


10 


1,3750 


.8831 




Lov 


7 


0 


9 


1.1250 


1.0247 


Lesson II « 




0 


1 


2 






Problem 2 




4 


1 


11 


1.4375 


.8^21 




Low 


2 


2 . 


12 


1.6250 


.7188 


« 

Lesson II, 




0 


1 


2 






Post- 
instruction 


nxgn 


3 


3 


10 


1.4375 


.8139 


task* 


Low 


6 


1 


9 


1.1875 


.9811 


Lesson III, 




0 


1 


2 






Problem 1 


nxgn 


0 


0 


16 


2.0000 


.0000 




Low 


0 


0 


16 


2.0000 


.0000 


Lesson IIIi 




0 


1 


2 






Problem 2 




2 


ao 


4 


1.1250 


.6191 




Low 


0 


6 


10 


1.6250 


.5000 


Lesson III» 




0 


1 


2 






Problem 3 


High 


1 




1 




3651 




Low 


1 


8 , 




1.3750 


.6191 


Lesson III, 




0 


1 


2 






Post- 
instruct iou 


High 


7 


. 9 


0 


.5625 


.5123 


task* 


Low 


7 


2 


7 


1.0000 


.9661 
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Lesson IV , 




0 


1 


2 








Problem 1 


Hieh 


2 


0 


14 


1.7500 








1.0W 


3 


0 


13 


1.6250 


.8062 




Lesson IV , 




0 


1 


2 








Problem 2 


High 


1 


3 


12 


1 • Oo / > 


6021 


• 




Low 


0 


2 


14 


1.6750 


.3416 




Lesson IV « 




0 


1 


2 








Post- 
instruction 


High 


8 


2 


6 


.8750 


.9574 




task* 


Low 


9 


1 


6 


.8125 


.9811 
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Measurement Strategies Used on Post-Instruction Tasks . 



Lesson I 



Letson II 



Inforaitlon Proceising 
Cftpacity 



Information Processing 



Logicjil 
Reasoning 
Ability 



High 



Low 



1 

2.2.2,7. 
7.2,7.7. 


6,4 & 6. 
7.2,7.7. 

3 & 6 


7.6b,l.2. 
6,6,7,7 


7.2,3.2. 
6,2.2,6 



High 

Logical 
< Reasoning ^ 



Ability 



tow 



5.5.8.9. ' 
7.5,6.9 


1.1,9,1 
7,9.9,9 


9.5.1.9. 
X,9.1,9 


9,7.9,1. 



LPS son III 

InformACion Proccising 
Capacity 



Lesson FV 

Infonniition Proct&Rlng 
CspAcity 



High 



Logical 

lessoning 

Ability 



Low 



High 



Low 



5b, 5, 5c 
5b. Sb 


2,l,5b,6 
6,5c,6.1 


5&l,l,5b 

1.5&I.4 

1.5b 


5b, 1.6.1 
6,6,3,6 



High 



Logical 

Reasoning 

Ability 



Low 



6c f 6c , 6b 
3. 6b, 6c 

5.8c 


6c . 6c , 6b 
6c .6c,6c 
6c 1 5 


6c, 3. 5. 3 
3. 6c, 2, 3 


5.5,5,5 
5,3,5,5 



Entries in tables refer to strst(*gy nuTobers given in the coding schcaes, 
Appi^ndije £. 
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Pretest Performance 

Eight lieros were included in the pretest* The items, and the 
criteria ustnl for scoring performance ^re described in Appendix B. 
Poitit co'i^aifing was scored as successful (S) or unsuccessful (U). 
Cumulati s p4»rfonnance on length conservation and length transitivity 

was scored nn successful (S), transnational (T) » or unsuccessful (U)* 

. ' -» * 

Performance on each of the measurement tasks was scored as success- 
ful (S)^ partially successful (P), or unsuccessful (U)* High (H> 
backward diftlt s&an was considered to be a span of three or more and 
low (L) backward digit span was considered to be a span of two or 
less. 

In ordiT to reduce testing time and to make minimal demands 
on students and teachers > pretesting with a particular subject 
was concludi'd when the subject was eliminated from the final sample 
.(eee pp. 117-120 for a description of the criteria used for sample 
selection). Consequently, tnany potential subject ; received only 
some of the protest items. A (-) indicates that the subject did 
not receive that item. 

The following is a summary of pretest performance using the 
abbreviatioufi described ^hove. 
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Subject Point Length conservation/ ileasurement Backward 



Number 


Counting 


Length transitivity 


1 


1 


1 


i 


Dif^it Span 


Schoo> I 
J 


\ 

S 


U 


p 










*2 


S 


u 


u 


u 


u 


u 


L 


3 ' 


S 


T 












A 


s 


U 


p 










5 


S 


T 








" 




6 


s 


s 


s 










. *7 


s 


' u 


u 


u 


u 


u 


H - 


8 


s 


T 


M 










9 


s 


T 












10 


s 


- U 


s 


- 


- 


- 


— 


*11 


s 


u 


u 




u 


u 


L 


12 


s 


T 


— ■ 










13 


s 


S 


u 




u 


s 




*14 


s 


u 


u 


u 


u 


D 


L 


15 
16 


s 
s 


T 












*17 


s 


U 


u 


u 


u 


u 


H 


18 


s 


V 


u 


p 








*rB 


vS 




u 


u 


u 


u 


L 


*20 


-s 


u 


13 


u 


u 


u 


B 



Subject Point Length conservation/ Measurement Backward 
Number Counting Length transitivity 12 3 4 Digit Span 



*21 


S 


22 


s 


23 




*24 


s 


*25 


s 


26 


s 


*27 




23 * ' " 


s 


29 


s 


30 


s 


31 


s 


*32 


s 


33 


s 


34 


s 


35 


s 


School B" 




36* 


s . 


37 


s 


38 


s 


39 


s 


^40 


s 



u 
s 
u 
u 

-s 

T 
U 
U 
T 
S 
T 
U 
U 
U 
T 

s 
ij 
s 

T 



B U U 

U P - - 

0 U' P - 

0 U U JJ 

u u u u 



U U U 4| 
U P - - 



s - - - 

u u u u 

u u s - 

•s - - - 



u s - - 

D P - - 

s — — - 

. ^ 

4 

U U B U 



L 
H 



H 
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Subject Point Length conservation/ Measurement Backward 



*41 


S 


42 


S 


43 


s 


*44 


s 


45 


s 


*46 


s 


47 


s 


*48 


s 


49 


s 


*50 


s 


51 


s 


52 


s 


53 


s 


54 


s 


55 


s 


56 


s 


57 


s 


*58 




59 


s 


*60 


K 


61 


55 







transitivity 1 


2 


_3 


t 

H 


Digit bpan 


S 


u 


u 


TT 

u 


tT 

u 


Li 


T 












U 


'S 










U 


u 


u 


u 


u 


n 


U 


u 


r 








S 


u 


u 


u 


TT 

u 


tl 


T 












% 


u 


u 


u 


u 


n 

« 


T 




* 






1 


y 


u 


TT 

u_ 


u 


U 




I 












V 


u 


u 


13 


u 


L 


T 












S 


s 










u 


f 








• 


T 












T 












S 


u 


u 


U 


u 


L 


S 


s 










V 


u 


u 


U 


u 


H 


u 
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Subject Point Length conservation/ Measurement Backward 



Number 


Counting 


Length transitivity 


1 


2 


3 


4 


Digit ' 


62 


S 


T 












63 


S 


U 












64 


s 


U 












65 


s 


s 


U 


U 


U 


S 




66 


s 


u 

4 












*67 


s 


S ' 


U 


U 


U 


U 


L 


^ 68 


s 


u 










— 


69 


s 


T 












*70 


s 


s 


U 


u 


u 


u 


L 


71 


s 


T 












*72 


s 


S 




u 


u 


u 


H 


73 


s 


T 








» 




74 


s 


T 












75 

« 


s 


U 












76 


s 


V 












*77 


s 


S 


U 


u 


D 




L 


78 


s 


u 












79 


s 


u 












80 


s 


T 






mm 






81 


. s 


U 












82 


s 


D 








f 
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Subject Point Length coniservation/ Measurement Backvrard 



Number 


Counting 


Length transitivity 


K . 


2 


3 


4 


Digit 


83 


S 


T 


— 




0m, 




' mm 


84 


S 


T 










— 


85 


S 


T 


mm 




mm 


* 




86 


S 


U 












87 


S 


D 










MP 


88 


S 


U 








mm 




89 


S 


U 








mm 




90 


S 


T • 










- 


91 


S 


S 


u 


u 


u 


s 




92 


S 


u 












*93 


S 


s 


u 


u 


u 


u 


L 


94 


s 


u 












95 
96 


s 
s 


T 

T. 




s 




MM 




97 


s 


T 






mm 








c 


11 












*99 


s 


s 


u 


u 


u 


u 


H 


100 


s 


T 












101 


s 


T 












102 


s 


S 


s 










103 


s 


U 
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Subject Point Length conservation/ Measurement Backward 



Number 


Counting 


Lenst\i transitivity 


1 


1 


1 


4 


Di^it Span 


104 


S 


U 


mm 










105 


S 


T 












School 


C 


• 












106 


S 


*U 




*^ 




** 


a 


*107 


S 


s 


u 


D 




u 


L 


108 


S 


0 


— 




— 






109 


S 


s 


u 










110 


s 


T 








*** 




111 


s 


U 


« 










112 


? 


T . 


— 


— 








113 


s 


T 




- 








*114 


s 


S 






u 


u 


L 


115 


u 


mm 


— 


— 


— 






116 


s 


u 




— 








117 


s 


B 




— 


— 




— 


118 


s 


T 












*119 


s 


S 


u 


u 


u 


u 


H 


120 


s 


11 












121 


s 


s 


u 


s 








122 


s 


u 












123 


s 


T 
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Subject Point Length conservation/ Measurement Backward 
Number Counting Length transitivity 12 3 4 Digit Span 



*124 


s ^ 


S 


U 


u 


u 


u 


u 


*125 


S 


s 


U 


D 


u 


u 


H 


126 


S 


D 












127 


S 


T 












128 


s 


U 












129 


s 


T 




— 








130 


s 


U 


— 


*— 








131 


s 


V 




*~ 




■ 




132 


s 


S 


S 










133 


s 


T 












134 


s 


T 












135 


s 


T 












136 


s 


S 


u 


u 


u 


s 




*137 


s 


S 


u 


u 


u 


u . 


H 


138 


s 




- 


- 


- 




- 


139 


s 


V 












140 


s 


V 












141 


s 


V 












142 


s 


U 












143 


s 


T 












*Subjects 


selected 


for final sample 













Center Planning and Mkv Committee 



Richard A. Rossailler 

Wayre Otto 

Center Co-Directors^ 

Dale D. Johnson 
Area Chairperson 
Studies in Language; 
Reading and 0;>s!inunication 

Marvin J. Fruth 

Area Chairperson 

Studies in Implementation 

of Individualized Schooling 



Penelope L. Peterson 
Area Chairperson 

Studies of Instructional Programming 
for the Individual Student 

James M. Lipham 

Area Chairperson 

Studies of Administration and 

Organization for InstriKtion 

Thc»as A. Koml>6rg 
Area Chairperson 

Studies in Mathematics and Evaluation 
of Practices in Individualized Schooling 



Associated Faculty 



Vernon L. Allen 

Professor 

Psychology 

Dean Bowles 
Professor 

Educational Administration 

Thomas P. Carpenter 
Associate Professor 
* Curriculum and Instruction 

W, Patrick Dickson 
Assistant Professor 
Child and Family Studies 

Lloyd E. Frohreich 
Associate Professor 
^^Educational Administration 

r Marvin J. Fruth 

Professor 

Educational Administration 

Dale D. Johnson 
Professor 

Curriculum and Instruction 

Herbert J, Klausmeier 
V.k.C. Henmon Professor 
Educational Psychology 



Joel R. Levin 
Professor 

Educational Psychology 

James M. Lipham 
Professor 

Educational Administration 

Dominic W. Massaro 

Professor 

Psychology 

Donald M. Mclsaac 
Professor 

Educational Administration 

Wayne Otto 
Professor 

Curriculum and Instruction 

Penelope L* Peterson 
Assistant Professor 
Educational Psychology 

Thomas S. Popkewitz 
Associate Professor 
Curriculum and Instruction 

Gary G* Price 
Assistant Professor 
Curriculum and Instruction 



W. Charles Read 
Associate Professor 
English and Linguistics 

Thomas A. Romberg 
Professor 

Curriculum and Instruction 

Richard A, Rossmiller 
Professor 

Educational Administration 

Peter A. Schreiber ^ 
Associate Professor 
English and Linguistics 

B. Robert Tabachnick 
professor 

Curriculum and Instruction 

Gary G. Wehlage 
Associate Professor 
Curriculum and Instruction 

-Louise Cherry Wilkinson 
Assistant Professor 
Educational Psychology 

Steven R* Yussen 
Associate Professor 
Educational Psychology 
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